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ABSTRACT 


The major intent of the study was threefold: to determine if 
children use oral language to help solve mathematical problems; if 
so, to describe the verbalizations of individual and small groups 
of children, grades two through four, involved in mathematical problem 
solving; and to identify the purpose of children's verbalizations 
relative to mathematical problem solving, that is, how lanquage was 
used as they came to know the solutions to the problems. 

Eight written partitioning problems varying in mathematical 
difficulty were adapted for the study. 

The researcher interacted with the respondents in the context of 
controlled yet flexible problem solving sessions characterized by 
intense observation and questioning. The sessions were videotaped, 
audiotaped and later transcribed. 

Criteria for analysis of the data were determined by the nature 
of the subjects' responses and in relation to the literature (theory 
and research findings) concerned with children's use of language and 
the problem solving process. Three stages of analysis occurred: 
ongoing (during the research session), reflective (between the research 
sessions) and documentive (following the data collection period). 

Children, assessed by their homeroom teachers to be of at least 
average intelligence, average or high language users and capable of 
interacting, were chosen for the study. The sample, consisting of 26 
children, individuals and groups of three representing each grade level, 
grades two through four, was drawn from an elementary-junior high school 


within the St. Albert Protestant Separate School District, Alberta. 
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From the literature, four steps in the problem solving process 
were ened understanding, planning, solving and reviewing. 
Within each step, specific language functions and thinking strategies 
were evidenced in the oral language used by the children. Five main 
language functions emerged from the data: the children used language 
to clarify, report, direct, predict and self maintain. The oral 
language played an important role in that it allowed problem solvers 
to make a concerted effort to direct attention to the problem and 
the process as well as to clarify understandings. It seemed as 
though the overriding function of the language was to clarify thought. 

Distinct differences in both the language-thinking strategies 
and mathematical-thinking strategies were apparent within the problem 
solving steps and in relation to the age or grade level of the problem 
solver. Further, levels of awareness of mathematical labels were 
Sharply defined: grade two children knew only the terms ‘one-half’ and 
‘one quarter,' grade three children either knew or could derive 
one third or two thirds, but the grade four group knew all labels 
and were able to use interchangeably mixed numbers for improper 
fractions. 

The interaction of the small group was lengthy, thorough and 
reflective. An intriguing sense of community appeared to arise, 
giving the group members privy to information not available to the 
individual problem solver or the researcher. 

The significance of the study is that it provides insight into 
children's language use and thought while solving mathematical 


partitioning problems. In addition, it affords a basis for further 
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examination of the role of oral language used by children engaged in 


various problem solving situations. 
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Chapter I 


INTRODUCTION AND STATEMENT OF THE PROBLEM 


The relationship of the role of language to mathematical problem 
solving has provoked concern among educators for many decades. Seventy 
years ago, when writing about the measurement of arithmetic ability, 
Thorndike (1912) stated that both mathematical insight and knowledge 
plus acquaintance with language were essential. 

When writing about the versatility and usefulness of language 
Halliday (1969) states, "Language is, for the child, a rich and 
adaptible instrument for the realization of his intentions and there 
isunardly dayelimit to.what-he can.do,with, it!) (p.. 27); 

Hargis (1976), concerned about children with inadequate language 
for success in mathematics, contended that knowledge of language 
structure is important. In 1977, Knight and Hargis expanded the idea 
of the effect of language on mathematical learning. Nelson (197%) 
concluded that the entire area of verbalizations and their role in 
problem solving needs further study. 

It would seem that the area of the relationship of language to 
mathematics is recognized as important vet remains unclear. Further 


study to clarify this relationship is essential. 
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PURPOSE OF THE STUDY 


The purpose of the study is threefold: (1) to attempt to identify 
the purpose of children's verbalizations relative to mathematical 
problem solving; (2) to describe the verbalizations of children 
involved in mathematical problem solving, individually and in smal] 
group settings from grades two through four; and (3) to examine the 
role of teacher in relation to the children and the tasks involved in 


mathematical problem situations. 
DEFINITION OF TERMS 


In this study the following definitions will be adopted. 


Problem solving. An all encompassing term which can mean either 
a process, skill or goal. For this study problem solving will be con- 
Sidered a process. It is the process of applying previously Redtired 
knowledge to new and unfamiliar situations (National Council of 
Supervisors and Mathematics, 1977). It may also be an individually 
acquired set of processes brought to bear on a situation that confronts 


the individual (Le Blanc, 1977). 


Language. All verbalizations which are expressed by the child 


when problem solving in mathematical situations. 


High language user. A child who is rated by his language arts 


teacher as above average in achievement in oral language. 


Average language user. A child who is rated by his language arts 


teachers as average in achievement in oral language. 
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RESEARCH QUESTIONS 


To facilitate this study of children's verbalizations relative to 
the solving of mathematical problems, the following research questions 
were posited: 

1. Do children, individually and in small groups, verbalize 
when problem solving? 

' 2. If children do use language, how and for what purpose is the 
language used, relative to solving the mathematical problem, 
individually and in small group situations? 

3. Is there any difference between the language and strategies 
used by an individual and a small group of mathematical problem 
solvers at each grade level as well as across the grades, grades two, 
three and four? 

4, Is there a developmental pattern of growth and change in 
| the mathematical problem solving procedures of children in grades two 
through four? 

5. What is the role of teacher relative to the problem solving 


process? 
PLAN OF THE STUDY 


A brief overview of the plan of the study follows. A detailed 
explanation is presented in Chapter III. 

The discovery-orientation of the study necessitated use of a 
research technique, exploratory in nature, for the purpose of gaining 


insights rather than verifying hypotheses. Intense observation by the 
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researcher of individual and small groups was necessary in order to 
study if and how children use language while solving mathematical 
problems. A determined effort was made to intervene as infrequently 
as possible while the children were involved in the actual problem 
solving processes. 

Twenty-six children in grades two through four were selected 
from the St. Albert Separate School System as subjects for this study. 

The problem solving sessions were recorded by means of audiotape 
and videotape. The audiotapes were later transcribed and detailed 
examination of the data, using the protocols in conjunction with the 
audiotapes, was made. 

In addition, a journal was used to record insights gained and 
inferences made relative to the use of language by children and the — 


partitioning behaviors manifested. 
REPORT OF THE FINDINGS 


No predetermined classification scheme, based on expert opinion 
or upon existing plans, was used for analyzing subjects' responses. 
Instead, an attempt was made to be as true as possible to the 
experimental data in generating a classification scheme of the 
responses. Subsequently, the scheme which evolved for classifying 


subjects' responses was unique and relatively comprehensive. 
LIMITATIONS OF THE STUDY 


The limitations of the study are acknowledged as follows: 


1. The limited sample size affects generalization of the findings. 
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Samples may or may not be eben eave of the manner in which all 
children use language when actively involved in mathematical problem 
solving or of the problem solving behaviors of all children at 
comparative grade levels. 

2. Individual responses will vary in accordance with the 
experiential background of each child. 


3. The exploratory nature of the study may delimit the findings. 
SIGNIFICANCE OF THE STUDY 


It is intended that this study will provide insight into children's 
language use and thought while solving mathematical problems. It is 
also hoped this study will serve as a basis for further examination of 
the role of oral language in elementary school mathematics. 

OVERVIEW OF PLAN FOR REPORTING 
THE INVESTIGATION 

The report of the investigation is presented as follows: 

1. Chapter II contains a review of relevant literature and 
related studies. 

2. Chapter III describes the design of the study and the derived 
theoretical framework used for analysis of the data. 

3. Chapter IV presents a description of the major findings of 
the study. 

4. The final chapter, Chapter VY, summarizes and draws conclusions 
relative to the major findings of the investigation, and states 
implications for education. The chapter includes the reflections of 


the researcher upon personal insights gained from this study of young 
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children solving mathematical problems, individually and in small group 


situations, and concludes with recommendations for further research. 
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Chapter II 


THE BACKGROUND OF THE STUDY 


INTRODUCTION 


The purpose of this chapter is to provide a report of relevant 
research from which evolved a theoretical framework for an exploratory 
study of how language is used by young children involved in solving 
mathematical problems. First, the relationships between thought and 
language, learning and language, and experience and language were 
examined for the purpose of determining possible agreement as to the 
nature of the role of language in children's learning. Next, a 
review of relevant theory and research reports regarding the nature 
of problem solving, problem solving in mathematics and, in particular, 
the solving of partitioning problems was undertaken to provide 
guidance in the development of the mathematical problem solving 


tasks and for interpreting the results of the experimental study. 
THOUGHT AND LANGUAGE 


The apparent relationship between thought and language has 
prompted much speculation among investigators in child psychology. 
One of the first theorists to draw attention to the importance of 
language as a system of controls in the problem solving activities 
of children was the Russian psychologist, Vygotsky (1962, translation 


of 1932). Vygotsky views language as the prime organizer of cognitive 
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complexity wherein the development and improvement of language is 
functionally related to and operant upon the development of cognition. 
According to Vygotsky, the child's intellectual growth is dependent 
upon his mastery of the social means of thought, that is, language. 
Vygotsky contends that the word functions first as an invitation to 

a concept but eventually the word comes to symbolize the concept 
itself as a synthesis of the child's accumulating experience. It is 
the "word" which masters and directs problem solving. Whenever 
abstraction occurs, potential concepts play a role in complex thinking. 
Analysis and synthesis are the main instruments of abstraction but, 
again, the facilitator is the word. The relationship from thought to 
word and from word to thought is a process involving continual move- 
ment both ways. Indeed, thought is not merely expressed in words but 
it comes into existence through them (Vygotsky, 1962, p. 7). 

Vygotsky (1962) believes the process of thinking becomes 
inextricably interwoven with silent formations of language. Once 
language becomes a part of thinking, thinking becomes flexible, 
differentiated, objectified, and experience becomes communicable. 

His contention that thought appears to be needed for language and 
vice versa would imply that an examination of the language used by 
young children when solving mathematical problems would be of prime 


importance. 
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Coanitive Growth and Language 


Piaget and his Geneva associates (Piaget and Inhelder, 1969) 
posit the primacy of cognitive growth as regards language development. 
Piaget's colleague, Hermina Sinclair-De-Zwart (1973) found knowledge 
of linguistic structures and terms, or the teaching of relevant verbal 
terminology, little influenced the performance of children on conser- 
vation tasks. It was her conclusion that language development can 
not hasten cognitive growth. For Piaget and associates, cognition 
at all developmental levels consists of actions performed by the 
learner. Actions are overt and physical at lower levels of develop- 
ment but with maturity actions become increasingly internalized until 
covert actions, i.e., verbal, symbolic, and formal operations, are 
the dominant processes of cognition. Verbal enrichment or sophistica- 
tions do not accompany changes in cognitive structures. "Language is 
not enough to explain thought because the structures which character- 
ize thought have their roots in action and in sensori-motor mechanisms 
that are deeper than linguistics" (Piaget, 1969, p. 98). Piaget 
suggests that language may be structured by logic but is not the 
source Of logic. Despite this position, Piagetians do not completely 
dismiss the importance of language for they concede once the structures 
of thought are refined, language becomes necessary for their elabora- 
tion and mobility (Piaget, 1970). 

Although the value of language for the development of mental 
Operations and cognitive structures is seriously questioned by 
Piagetians, not everyone agrees. For example, Donaldson (1978) 


contends that there is much convincing argument that a child's 
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language learning skills are not isolated from the rest of his mental 
growth. From the evidence she has studied, Donaldson affirms the 
following major positions: 

1. Children are not at any stage as egocentric as Piaget claims; 

2. Children are not as limited in their ability to reason 
deductively as claimed by Piaget and others—spontaneous behavior 
evidences this to be so; and 

3. A child's ability to learn language is not separate from 
but a part of mental growth. 

The contentions of Donaldson seem to suggest that an examination 
of the language used by young children could possibly provide some 
insight into the thinking strategies employed in problem solving 
Situations. 

Donaldson's position was an outgrowth of Bruner's conceptual iza- 
tion of cognitive development as the ever increasing internalizations 


of technologies from the culture. 


Language and cognitive development were viewed by Bruner as 
"technologies" to deal with the world (Bruner, 1964). Bruner and 
colleagues emphasize language as the most effective technology 
available. According to Bruner, the world can be represented in 
three modes: enactive (through actions), ikonic (through images), 
and symbolic. All three modes remain in the system throughout life, 
are sequential in development, and are interacting. In Bruner's terms, 
when higher level learning takes place, a transition from ikonic to 
symbolic representation occurs and it is brought about by language, 


a means to organize and integrate experience. 
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Once the child has succeeded in internalizing language as 

a cognitive instrument, it becomes possible for him to 

represent and systematically transform the regularities of 

experience with far greater flexibility and power than 

before. (Bruner, 1964, p. 4) 

Bruner's belief that language is a powerful cognitive instrument 
strongly suggests that to study the use of language by children as 
they solve problems would provide insight into how children think 


when engaged in a problem solving process. 


Other Relevant Views 


Other writers have developed theories which seem to support 
those of Bruner and Donaldson. It is Moffett's (1968) observation 
that the function of "abstraction" is a process underlying all stages 
of information processing from sensori-motor and perceptual to 
affective and intellectual (p. 19). Abstraction by selecting and 
ranking the elements of Se enee reduces reality to manageable 
Summaries. To abstract is to trade a loss of reality for a gain in 
contro, tp. 23)... Jhis. dain, in control is evidenced in the child 4s 
language. Therefore, the child's thinking may be revealed through 
his language. 

Schmidt (1973) states that the language used in communication is 
the same language used in thinking; therefore it is neither a means 
of cOmmunication nor an instrument of thought; it is both. Even so, 
this tempered position implies that the role of language in problem 
solving is both communicative and cognitive; hence language can be 
studied to determine possible developmental levels not only regarding 


language use but also to examine the development of thought or 
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thinking strategies. 

Further evidence ligating language and thinking can be found in 
the intercorrelation tables of the WISC-R (Wechsler, 1974). Vocabulary, 
a highly verbal subtest almost consistently correlates righeret th 
total ability scores than any other subtest (pp. 36-47). 

In summation, the theorists view language as an essential part of 
thinking and of problem solving. The specific role of language, 
however, has not yet been determined and further study would appear 


to be warranted. 
LEARNING AND LANGUAGE 


Language is also seen as a tool by which children make sense of 
their learning, re-interpret knowledge and examine existing assumptions 
while developing a representation of the world (Britton, 1970). A 
child's language power reflects the way he is experiencing the 
world and determines how he operates in it (Britton, 1970, p. 2). 

The child's cognitive functions are his means of making sense of the 
world, of current and past experience and his language is the "key 
system" whereby "he represents the world to himself and organizes 
all other ways of representing" (p. 21). 

Barnes (1972) contends that the very act of verbalizing requires 
a re-organization of the old and the new together. Barnes further 
states that part of good teaching is in perceiving how language used 
by children contributes to or inhibits learning. In his writings, 
Barnes purports that not enough is known about: (1) how various uses 


of language function as a means of learning and (2) the extent to 
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which these functions are determined by the pupil's perceptions of 
the content for that language. 

Piaget, from his examination of children's talk, proposed a broad 
classification of language functions which has provided a model for 
later work that takes a functional approach (Piaget, op. cit.). In 
major ways, he sees young children's language as ‘egocentric,' that 
is, fulfilling self needs and failing to accommodate the views of 
Others. The remainder of children's speech, Piaget classifies as 
‘socialized' and as realized in requests, demands, answers and adapted 
information. The use of such categories establishes linguistic 
structures as criteria for classifying but fails to recognize that 
speech in the same form can be directed towards achieving different 
goals; for example, a demand may serve to retrieve property or as an 
imaginative pursuit of a play sequence to project imagination into 
experience. 

Halliday (1969) poses a sociolinquistic view of the functions 
of children's language to language itself. He states, "Language is, 
for the child, a rich and adaptable instrument for the realization of 
his intentions, and there is hardly any limit to what he can do with 
it" (p. 27). Halliday proposes seven functions or ways the child uses 
language to make meaning (1977): (1) instrumental or "I want" 
through which the child's material needs are met; (2) regulatory or 
"Do as I tell vou" through which the child gets others to do as he 
wants; (3) interactional through which the child interacts with some- 
one else; (4) personal through which the child expresses his unique- 


ness and self-awareness; (5) heuristic or "tell me why" through which 
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the child explores the environment; (6) imaginative or "let's pretend" 
through which the child creates his own environment; and (7) eHeaiae 
tive or representational, e.g., "I've got something to tell you" 
through which the child conveys information to someone. Halliday 
identifies an orderly emergence of the functions of language used by 
children to establish meaning during the lifetime of a child, pro- 
gressing from approximately age nine months to three and a half years. 
This seems to indicate that children of school age should be given 
many opportunities to use language to learn. Halliday, however, does 
not identify specific strategies embedded within the language functions. 
The language uses classified by Piaget as ‘adapted information' and by 
Halliday as ‘informative or representational’ remain undifferentiated 


although recognized to serve different uses. 


Tough (1969) sought some means of classification within the broad 
category of informative language with which to differentiate the 
purposes for which children can and do use language. Examination of 
children's language led Tough to regard functions "as being the 
characteristic modes in which language is used to organize or order 
experiences and intentions" (Tough, in preparation, p. 9). The modes 
are inferred from the evidence of particular strategies selected by 
the child for conveying meaning. Tough contends each utterance 
serves at least two different kinds of functions; a relational function 
and a range of content or ideational functions. The relational 
function seldom operates independent of the ideational functions, the 
exception perhaps being greetings. From the language of three year 


olds which had been collected in play situations, and their language 
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at five and seven years old which was collected in task oriented 
contexts, Tough identified the following ideational functions: 

(1) the self-maintaining function, (2) the directive function, 

(3) the interpretive function, (4) the projective function, (5) the 
predictive function, (6) the imaginative function and (7) the | 
empathetic function. Embedded within each function, Tough perceives 
thinking strategies relative to but with considerable variance from 
context to context. As do Britton, Barnes and Halliday, Tough (1978) 
views language as a means to represent the world and as a means to 
co-ordinate or regulate actions. 

The language a child has developed serves as a means of 

communicating about his thinking, and of developing his 

Own and other people's actions; at the same time the language 

used by others with him helps him to find order, significance, 

and meaning in the world around him and to establish values 

for different activities and experiences. (p. 28) 

Growth in language power is essentially related to the 
individual's functioning along the concrete-abstract continuum in 
thought and the implicit-explicit continuum in language production. 

Tough's broader view of the ideational functions of language 
and the thinking strategies offers a possible approach to or basis 


for examination of children's language used in mathematical problem 


solving. 
LANGUAGE AND EXPERIENCE 


Language helps children make sense of their experience (Lindfors, 
1980; Smith, 1975; Britton, 1973). Such a statement leads to the 
question "Can language contribute to cognitive growth?" which is raised 


by Smith (1975). 
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Basic to Smith's approach is the assumption that every human 
builds out of personal experience, a cognitive structure or "a theory 
of the world in his head" (1975, p. 11). This personal theory of what 
the world is like shapes both the way past experience is recalled, 
Summarized, interpreted, and the way new experience is comprehended. 
Smith also contends that every human endeavors (1) to comprehend, 
that is, make sense of the world by relating new experience to the 
already known and (2) to learn when experience does not fit our 
‘theory’ by altering existing cognitive structures. He perceives 
that as children endeavor to comprehend and learn, the language 
of the children serves to question, focus attention, precise 
understandings, make understandings retrievable, reinterpret experience 
and to go beyond present personal experience. Based upon his research 
findings, Smith claims language, though not the only tool, is a 
powerful tool to comprehend and learn in order to make sense of one's 


world. 


Like Smith, Britton (1973) views language as a tool to make sense 
of experience. He writes that a child begins "with a drive to explore 
the world he is born into" and that speech early becomes the "principle 
instrument" of exploration (p. 93). 

Lindfors (1980) supports the view that language helps children 
make sense of their experience. She contends that their theory of 
the world grows and changes as children encounter other's experiences, 
ideas, and interpretations and "this encounter happens most of the 
time through language interaction." 


As a means of reinterpreting past experience language also 
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serves as an aid. Britton (1973) writes: 

Language is one way of representing experience . .. we 

habitually use talk to go back over events and interpret 

them, making sense of them in a way that we are unable to 

when they were taking place. (p. 19) 

He views enquace as a means by which we re-present past experience, 
present, consider, and re-interpret it again in terms of the ever- 
Changing and growing "theory of the world" which shapes the interpre- 
tation, 1.@., cOmprehension, but which is also shaped and modified by 
experience, i.e., learning. Britton speaks of "symbolizing reality 
by means of language in order that we may handle it [reality]" 
(Britton, 1973). Thus, language provides one important means of 
comprehending and learning. 

Tough (1977) writes of non-interactional oral language serving 
as an aid to focus attention. To dismiss the simple monitoring 
language use would be, in Tough's opinion, to ignore how important 
activity is to the building of a theory of the world and, at the 
same time, to dismiss action related use of language as an important 
aid to comprehending and learning. In other words, children's own 
talking, as well as the talk they interact with, can help focus 
attention upon the comprehension and learning of an immediate task. 

With respect to mathematics, learning of labels is also related 
to experience. Early studies indicate language labels aid recall, 
making understandings more retrievable (Carmichael, Hogan and Walter, 
1932; Brown and Lenneberg, 1954; Frijda and Van de Geer, 1961). To 
're-collect' experience, the encoding of the experience in language, 


the talking about it, makes an experience more readily retrievable 
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and the way the experience is labelled will influence the recall, 
that is, the labels themselves become part of the remembered 
experience. 

Piaget contends a major aspect of cognitive growth, egocentrism, 
relates to the child's perception of experience being limited to a 
Single perception, his own. It may be that in moving the child to a 
more variable point of view, that interaction makes its greatest 
contribution to cognitive growth. 

Donaldson (1978) writes: 

Children are able to learn language precisely because they 

possess certain other skills—and specifically because they 

have a relatively well-developed capacity for making sense 

of certain types of situations involving direct and 

immediate human interaction. (pp. 36-37) 

Thus it would seem that children use the understood human situation 
to predict language and social behavior and to eventually learn to 
solve abstract problems. Donaldson believes that it is vital to be 
able to eventually operate with abstractions in order to manipulate 
variables, see new possibilities, solve problems, in brief to control 
One's thinking. She quotes Vygotsky: "All the higher functions have 
jn common awareness, abstraction and control" (1978, p. 99). For 
young children, language does not exist in an abstract sense indepen- 
dent of the objects and ideas for which it stands. Therefore 
Donaldson perceives the role of the teacher as necessarily organizing 
well-understood personal experience of children in a way that makes 
its structure clear, thereby enabling the child to focus On meaning 
and to gradually become free of context. Thus interaction with 
understandable tasks enables children to comprehend and learn beyond 


the task itself, that is to reshape, rethink and expand experience. 
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The notion of language aiding in going beyond the present 
Situation is a major tenant of Bruner (1964) who views language as 
a cognitive instrument whereby children represent, manipulate and 
transform "the regularities of experience" apart from the direct 
experience itself. Perhaps Bruner means that by language becoming 
a "cognitive instrument" for children, the children move from 
language that relies heavily on personal, present, direct experience 
toward a greater independence of language from immediate situation. 
Bruner writes further: 

As for how language becomes internalized as a program 

for ordering experience my speculation is the process 

depends upon the process of interaction with others. 

(Bruner, 1964, p. 166) 

He stresses the reciprocity in learning, i.e., the way we learn in 
dialogue and perceives dialogue ae he ideal circumstance for — 
internalizing because of the process of interaction with others. 
Bruner arcues for greater emphasis upon spoken language in learning 
and in doing so aligns himself with Vygotsky. 

Moffett (1968) also acknowledged the dependency of language upon 
mental growth as did Vygotsky. According to Moffett, the major 
dimension of growth is that the self enlarges, assimilating the world 
to itself and accommodating itself to the world. In order for the 
growth to occur, however, interaction is essential. Thought and 
speech must be matched and the closer the match the better the 
communication. Oral language matches thought with speech, and one's 
Own mind with the minds of others. Moffett contends that the truly 
basic skills of thought, making messages and making sense of messages 


from others are developed at the levels of experience and oral 
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speech. Moffett and Wagner (1976) write that "without the level 
before, the next level is impossible." In the process of talking 
about experiences and perceptions, and in listening to others talk 
about theirs, children learn to modify or expand their own 
internalized structures as well as to communicate them without 
ambiguity. Verbal interaction in an environment of common experience 
is for Moffett a time for honing thought and language. From the work 
of Moffett and Wagner, two major implications for the teaching of 
mathematics can be deduced. First that 
Teachers of mathematics like teachers of language, have 
mistakingly assumed because performance measures are based 
upon skill in reading and writing numerally coded information, 
that these are the basic skills. They are not. They are 
derived skills and impossible of meaningful acquisition unless 
grounded in the basic skills of thought and oral verbalization 
about mathematical ideas. The teaching of mathematics should 
focus on thinking, to match thought with speech, and 
verbalizing, to match mind with mind. 
Secondly: 
Mathematic teaching and learning experiences should be symbolized 
in the verbal codes of ordinary language at both the oral and 


written levels before superimposing the coding scheme of 
mathematical notations. (Skypek, 1981) 


PROBLEM SOLVING 


It is possible that 'problem' used in the general sense of 
achieving a desired state, in which case any thinking with a desired 
result, can be considered to be 'problem solving.' In this narrow 
sense problem solving does not include the concept of ‘understanding’ 
or ‘clarifying a situation’ (de Bono, 1980). Moreover, de Bono 
contends that too often understanding and clarifying are considered 


to be processes of perception and thinking is then regarded as the 
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process of working upon perceptions to solve a problem. de Bono 
defines thinking as the "deliberate exploration of experience for a 
purpose" and that purpose may be "understanding, decision making, 
planning or problem solving." Thinking is the operational skill 
through which intelligence acts upon experience. Thinking, according 
to de Bono arranges and rearranges perception in order that children 
may have a clearer view. "The job of thinking is to clarify 


perception." 
Problem Solving and Mathematics 


Problem solving in mathematics is viewed as the "process of 
applying previously acquired knowledge to new and unfamiliar situa- 
tions" (National Council of Supervisors and Mathematics, 1977). It 
may also be an individually acquired set of processes brought to 
bear on a situation that confronts the individual (Le Blanc, 1977). 
It would seem that the latter definitions imply the previously stated 
ideas of de Bono regarding experience, intelligence and thinking as a 
process of clarification. 

The terms problem and problem solving are further defined by 
Lester (1980) as: 

A problem is a situation in which an individual or group is 

called upon to perform a task for which there is no readily 

accessible algorithm which determines completely the method of 
solution" (Lester, 1978, p. 54). It follows that problem 
solving is the set of actions taken to perform the task 

(i.e., solve the problem). This definition is consistent 

with definitions presented by several others (e.g., Bourne, 

Ekstrand & Dominowski, 1971; Brownell, 1942; Duncker, 1945; 

Henderson & Pingry, 1953; Kinsella, 1970; Newell & Simon, 

1972; and Resnick & Glaser, 1976). 


Seemingly, the above mentioned "set of actions to perform the 
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task" would depend upon thinking, that is, exploration of experience 


for a purpose. 


Polya and Problem Solving 


Polya (1965), the mathematician, identifies four procedures 
inherent in problem solving: (1) understanding the problem, 
(2) planning to solve the problem, (3) solving the problem, and 
(4) reviewing the problem and the solution. Though having identified 
the necessary steps of the problem solving process, Polya's heuristic 
approach does not identify within each step those "processes" or 
"set of actions brought to bear upon the task," that is, Polya fails 


to examine "the exploration of the experience." 


Developing Problem Solving Ability 


in Mathematics 


Children and Problem Solving 


In developing children's problem solving ability in mathematics, 
it is vitally important to identify problems appropriate for children 
of differing ability and in different grade levels. The research of 
Kieren (1980, 1979) and Pothier (1981) examines the problem solving 
achievements of young children seeking solutions to problems which 
embed the rational number construct. 

After delineating the cognitive aspects of rational number, 
Kieren (1976, 1980a, 1980b) concludes that the system of rational 


numbers is a complex construct arising out of real-life situations. 


Basic to the rational number construct are partitioning and equivalence 
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(Kieren, 1980c). Pothier (1981) examines the partitioning mechanism 
as it relates to rational number construct. She sought not only 
understanding of rational number development but also the implications 
for the scope and sequence of a primary mathematics program. 

Pothier examined the solutions achieved by young problem 
solvers to determine what children know, that is, the focus appears 
to be upon the achievements rather than upon how children come to 
know using the processes apparent in the problem solving steps 
identified by Polya. 

For the present study, the focus is on how children come to know 
as they solve partitioning problems. The role of language in this 
important facet of mathematical learning needs to be identified and 


clarified. 


LANGUAGE AND MATHEMATICS 


Among the first to be concerned with the relationship between 
arithmetic and language was Thorndike (1912). In speaking of the 
measurement of academic achievement, he stated, "As you will know 
Our measurement of ability in arithmetic is actually a measure of two 
things: sheer mathematical insight and knowledge on the one hand; 
and acquaintance with language on the other." It is highly probable 
that Thorndike's concern for children getting meaning focused on the 
word rather than on the broader goal of language use for learning 
which is necessarily more than acquaintance with language. However, 
almost seventy years later, there is little reported research to 


Support the latter portion of Thorndike's statement, that is, 
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acquaintance with language. It appears the role of language within 
the context of mathematics has rarely been examined. 

According to several reported findings, a number of language 
factors correlate with success in mathematics. Linville (1969) 
concluded that both syntactic structure and vocabulary level, with 
vocabulary level perhaps more crucial, are important factors in the 
ability to solve verbal arithmetic problems. The research reviewed 
by Kirkpatrick (1970) in the area of vocabulary indicates a 
consistently positive and strong connection between mathematics, 
especially problem solving, and mathematical vocabulary (Buckingham, 
1937; Eagle, 1948; Foran, 1933; Johnson, 1944, 1949; Lyda and Duncan, 
1967; Vanderlinde, 1964). This is not surprising since vocabulary 
knowledge is basic to comprehension and students must comprehend the 
problems before they can apply the mathematical concepts necessary 
for the solutions (Kirkpatrick, 1970). 

Brindley (1980), in a study of ratios and fractions, reinforces 
the concept that talk supports learning. The results of the study 
Substantiate what has not yet been supported hy the evidence—the 
belief that language and talk are an inextricable part of learning. 
Knight and Hargis (1977) contend that children's language development 
is likely to affect their mathematical learning. For example, mastery 
of the grammar of one-to-one correspondence leads to the concept of 
"manyness." A second set of grammatical patterns occurs in noun 
phrases that "contain the fundamental language vehicle for presenting 
arithmetic concepts." Finally, Knight and Hargis state an under- 


Standing of the syntax of comparative construction is essential to 
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coping with arithmetic reasoning problems. In a previous study, 
Hargis (1976) found that a significant number of "normal" children do 
not have adequate language mastery for success in mathematical 
settings. If many "normal" children do not have proper language 
structures for mathematics, then it seems highly probable that the 
inference can be drawn that an even greater number of children 
learning English as a second language and linguistically handicapped 
children may have similar deficiencies. 

According to Corle (1972), research has shown that knowledge of 
mathematical concepts alone will not guarantee success in mathematics, 
particularly in the area of written or verbal mathematical problems. 
The evidence from the cited studies strongly suggests that students' 
success in mathematics seems inextricably interwoven with their level 
of language power. The latter can be considered the integration of two 
major areas of the child's development, his thinking power and his 


language competence (Siemens, 1973, p. 9). 
Reading and Mathematics 


Studies into the relationship of reading to mathematics date 
back to the 1920's and 1930's. Kirkpatrick (1970) cites Stevens’ 
(1932) conclusion that ability in fundamental operations of mathematics 
was more closely correlated with ability in problem solving than with 
general reading ability. This finding was confirmed by Morton (1953) 
who reported that skill in problem solving correlated highly with 
skill in fundamental operations and intelligence, but showed a low, 


though positive, correlation with reading speed. Other studies in 
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this area do not necessarily agree with this conclusion (Cummins, 1982; 
Martin, 1964; Pitts, 1952; Skillman, 1972). 

Although research is not conclusive, there appears to be general 
agreement between mathematics educators and reading educators on skills 
of reading mathematics that are common to other content fields as 
well (Morgenstern, 1969; Muelder, 1969; Niles, 1969; Weber, 1962). 

In addition to the reading skills which are operative in the discipline 
of mathematics and common to other content areas, research findings 
support the need for specific reading skills, for example, adjustment 
to vocabulary, adjusted rate of reading, reading charts and graphs, 

and reading in verbal problem solving. Not only are specific reading 
skills required by the reader of mathematics, the unique vocabulary, 
words, and symbols as well as the terse, concise nature of the 

material must be considered (Aiken, 1971; Clark, 1969; Cuevas, 1984; 
Heddens and Smith, 1964; Kerfoot, 1961; Muelder, 1969; Reed, 1968; 
Stauffer, 1966). 


However, there seem to be matters even more critical than the 
Sheer ability to decode and comprehend printed material that relate 
to the use of language in mathematics. Referring to young children 
solving problems in mathematics, Nelson (1980) contends that the 
spontaneous behavior of children solving problems is varied and 
seems to serve different functions at different age levels. Based on 
his research findings, he concludes that the whole area of verbal iza- 


tions and their role in problem solving needs further study (p. 19). 


ea 


(etenag od, wi axbenae overt 


| ot hide: Wo 0 eruhsouias: entiaaey es 
en 2bts aft sneges: arto mo. | 
‘(SRT 2c adel RF | 


ant iatoeth. aid nt vtawragn! ae cane afte ontbiew : 
f ¥ 


epntbri? figvseee? . eae sot08, nadie, ad nom 08 


gramdcuibs .9foIn6KxS “a settle! patbeo pin iaage nF 


=e 


-enusrp bas etre gathaem «gntbase: te) aden bedawtbs: « 4 cr Slo 


coy 
7 
rr 


ontbsoy of ttoege sus yin oon | -onbeloe rete Tada fit’ Daal 

ies y 

fudsooy oup imu grit -pattamondem 70° 1965" ial vd bois rs nm 
Ld 


of) Yo.e eed Bet ones 2ev93 ond @8 (Lowa eae lt 
-DBCT .zaveu) 29aQT clwpid) ef ed tAy borabt eins: ina Sop : 
‘3 a7 hash 7e a0 | ‘ yay ah 2 [ace ga? OTR BORE He tee | br 


sat nedt IsotiPxo etem neve Systdem od 0° fos? ates . Tayewon 

7 ; v = “i te _ 
teTsy tedt telwban bediihig bnGiaitpes bis eogogb: 02 et tide eer 
setblida prey enisates | sotisnadtem ti net baie 


depen 
ve panty 


shigtias (peer) moet sv ear tenedsen af ame tdong 1 


and tens 
bre baissy 2h easton artviez naxblina % votwnilad 2 as. ne 
wo beesd ,2iavel aps inarsttrh de anot gan? mnanetith 00 
rledisy to seve arate aa Tet estbufonne oA cet ; a ae 
(et .q) vbute acto eho paivion el a stot ss ie 


‘x : ; 
7 ‘ / 7 


27 


SUMMARY 


Readings related to language and thinking show that the two 
processes are so interwoven that separation would be very difficult. 
As a consequence, mathematical thinking would likely contain a large 
language component. This would not seem to be Supported by research 
and theory. Therefore, there is a need to examine the role of 
language when children think through to solution given mathematical 
problems. The conclusion reached at the Commonwealth Association for 
Science and Mathematics, Accra, 1975, seems pertinent almost ten 
years later in that, "Any attempt to compile writings regarding the 
role of language and mathematical education can only indicate the 
state of Our ignorance." The means to help alleviate such ignorance 
will be sought by way of studying children while they strive to 


sOlve partitioning problems in mathematics. 
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THE DESIGN OF THE EXPERIMENTAL STUDY 


The purpose of this chapter is to present the methodology of the 
study. The chapter includes information concerning selection of the 
sample, the research instrument employed, methods used for collection 


of the data, and the treatment of the collected data. 
SELECTION OF THE SAMPLE 


The subjects of the study were selected during the fall of 1982 
. from regular classrooms, grades two through four, in a school in the 
St. Albert Separate School System. Access to the school and to the 
students was made available because of prior teaching experience 
within the school by the researcher. Children assessed to be of at 
least average intelligence, average or high language users, and 
capable of interacting in the problem solving sessions were chosen. 
The selection was based upon the observations and experiences of the 
regular Language Arts teachers who worked with the children on a 
daily basis. Initially, two individuals and two small groups of three 
were chosen to represent each grade level. However, due to the mass 
of data derived for analysis, only one individual and one small group 
of three were selected from each grade level for analysis though 
protocols for all are available. 


Letters were sent by the researcher to the parents of the 
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subjects (see Appendix A for a copy of the letter) which outlines the 
nature of the study and sought parental permission to include the 


data derived from the children who partook in the study. 
RESEARCH INSTRUMENT 


The research instrument used in this study was adapted by the 
investigator from the original tasks designed by Kieren. The discus- 
sion of the research instrument provides further description of the 
tasks and the necessary adaptations of the tasks for this study. 

The original partitioning tasks, prepared by Kieren (1979) for 
students of grade four, as part of a written test in mathematics, 
were based upon real life experience, the sharing of pizza. In the 
spring of 1982, the tasks were piloted in oral problem solving 
Situations, first with children in grade four, then with children in 
grade three and lastly, with grade two children. At each grade level 
necessary alteration of the tasks to make "a match" with the children 
became apparent. The alterations made were: 

1. At the grade four level, the space between the picture 
referring to the girls and the picture referring to the boys was 
widened. This seemed to separate the two steps of the problem. 

2. At the grade three level, the original question, "If each 
child gets a fair share of the pizza, who would get more pizza, each 
boy or each girl?", was perceived as too encompassing and was 
preceded by two questions: (a) "How much pizza does each boy get?" 
and (b) "How much pizza does each girl get?" The difficulty 
experienced answering the original question was eased by the 


revision. 
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3. At the grade two level, it was recognized that the question, 
"How did you figure this out?" would require the children to talk 
the answer through as their writing skills were limited. 

Although the tasks were not further revised, during the actual 
investigation, it became apparent that to separate the drawings of the 
pizza from the caricatures would have possibly prevented the children 
perceiving the pizza as belonging to the "child because it's on his 
head." 

These minor revisions appeared to reduce the task to a more 
understandable, hence more manageable, assignment even though no 
manipulatives were provided. Moreover, the task itself tended to 
be abstract, especially for grade two children. 

Each of the following five questions was posited below each of 
the eight possible tasks: 

1. How much pizza does each boy get? 

2. HOw much pizza does each girl get? 

3. If each child gets a fair share of the pizza, who would get 
more piZZa—each boy or each girl? 

4. Does each boy get as much pizza as each girl? 

5. How did you figure this out? 

A copy of the eight tasks presented in sequential order is 


provided in Appendix B. 
COLLECTION OF THE DATA 


The data for this study were callected between October 15 and 


November 30, 1982. 
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In order that the children remain in their classrooms during 
‘prime teaching time,' the data were collected in the afternoons. 
The tasks were presented in sequential order to the individual or 
small group. No time limits to complete the tasks were specified. 
Instead, the students determined when they wished to terminate the 
activity. Sequential interviews were arranged. Teachers were most 
co-operative in releasing subjects from their classes as requested. 
No subject was required to forego his/her favorite subject or activity 
for an interview and an effort was made to create minimal disruption 
of regular classroom routines. 

The data collected were video and audio tape recorded and later 
transcriptions of audiotapes were transferred to typewritten protocols. 


Samples are provided in the Appendix. 


The Data Situation 


Throughout the time of data collection the researcher endeavored 
to not intervene in the mathematical problem solving processes. To 
be consistent, the first of the eight problems was introduced as 
follows: "I have eight problems about sharing pizza. I would like 
to give you the first problem and have you decide how you would share 
the pizza fairly among the boys and among the girls. Please share the 
pizza fairly. You are the boss, the pizza cutter and you know every- 
One likes fair shares. Answer the questions and when you are done 
I will give you problem two." 

As the children worked to solve the problems, the researcher 


made the pretence of "sorting junk" or marking papers. In fact, 
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an effort was being made to observe and record in a log book the 
language and mathematical behaviors of the children. 

When it appeared the children might seek more than minimal 
direction, the researcher left the room but endeavored to attend to 
the happenings by listening through use of the intercom. 

Questions and comments directed to the researcher by the 
children were typically responded to by further questions or probes, 
for example, "What do you think?", "Can you tell me more?", "What makes 
you think so?" or "Could you try and think of a different way?" 
Though not always possible, the aim was to interact with the subjects 


when necessary but not to teach or to direct the achievements. 


Method of Data Collection 


The problem solving sessions were recorded on VHS tapes, of two 
hour length, using a Panasonic Video Cassette Recorder (NV-8200) 
and a Panasonic Video Camera (WV-361P). As well, the sessions were 
recorded on a Panasonic Audio Recorder (RQ 2133) which was situated 
on the table to the left of the children. The majority of the 
children seemed to forget that they were being videotaped as they 
became involved in the partitioning tasks. 

To supplement the tapes, intense observation of the children 
was made during the problem solving sessions and the observations 
were recorded in a journal, noting the insights gained and 
inferences made pertaining to the children's language use and the 


partitioning behaviors manifested. 
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TREATMENT OF THE DATA 


No predetermined plans for analysis and treatment of the data 
were WOGRR Instead subjects' responses provided direction for devising 
procedures erdireerracues most appropriate for analyzing the protocols 
and reporting the findings. Information gathered from the literature, 
particularly the writings of Tough and Polya, provided valuable 
insight that gave rise to the criteria established for analysis of 
the data. Derivation of a system appropriate for categorization of 
the children's language was accomplished through use of the following 
procedures: 

1. Intense examination and observation of the videotapes to 


determine patterns of behavior, verbal or non-verbal. 


2. Comparison of the protocols of the transcribed audiotape 
with the videotape, again searching for patterns of behavior, verbal 
Or non-verbal. 

3. Examination of the protocols and videotapes using Polya's 
problem solving framework. 

4, Examination of each of Polya's problem solving steps 
determined in the protocols using the oral language functions and 
strategies proposed by Tough. 

5. Elimination of those oral language functions and strategies 
determined by Tough which did not appear in the data. 

6. Addition of recurring oral language functions and strategies 


appearing in the data, beyond those proposed by Tough. 
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Reliability of Classification of Students' 
Oral Language Responses 


The reliability of the classification of the types of student 
responses was established by inter-scorer agreement. 

The percentage of agreement between investigator and an indepen- 
dent judge was calculated for each protocol. The person involved in 
establishing the reliability of the classification of student responses 
was an experienced classroom teacher and as well an experienced 
reading clinic diagnostician formerly with the Ottawa Public School 
System. 

The percentages of agreement between investigator and judge in 
relation to the protocols of the independent subjects were: grade two— 
93.3%; grade three—95.7%; grade four—94.8%. 

Similarly the percentages of agreement between investigator and 
judge in relation to the protocols of the small group were: grade 


two—90.5%; grade three—94,2%; grade four—96.5%. 


SUMMARY 


In this study, designed to explore the function of children's 
oral language use in solving mathematical problems, specifically 
partitioning problems, in grades two, three and four, introspective 
techniques were used in order to examine the language and thinking 
processes. During individual and small group problem solving sessions, 
a maximum of eight partitioning problems were presented in sequence. 
As much as possible, the researcher endeavored not to intervene in 


the problem solving activities. 
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All responses were video and audiotape recorded, transcribed as 
written protocols and analyzed by the investigator. Criteria for 
analysis of the data were determined by the nature of the subjects' 
responses and based upon reported research and theory related to 
children's use of language and the problem solving process. Treatment 
of the data was primarily descriptive. 

In the next chapter, Chapter IV, criteria established to make 


the analysis possible will be presented. 
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Chapter IV 


ANALYSIS OF DATA AND REPORT OF FINDINGS 


The purpose of this chapter is to present the major findings of 
the study which sought to examine how children use their language to 
facilitate problem solving in given mathematical tasks. 

To attain this goal it was desirable to select children recog- 
nized to be highly verbal and of at least average intelligence. 
Observation made by classroom teachers of children in grades two 
through four determined the children who met the two requisites; 
verbosity and at least average intelligence. 

The pizza problems proved to be highly effective in enabling 
small groups of children to demonstrate partitioning abilities while 
engaged in dialogue. Also, individual children chosen to perform 
this task were highly verbal in the process, thereby making it 
possible to pursue and study the language used by individuals to 
facilitate their thinking and mathematical learning as well as to 
examine the language used by children working within small groups. 

The descriptive data and findings relate to oa use of language 
by young children while engaged in mathematical problem solving, 
specifically, partitioning on circular areas. 

The problem solving processes of one individual anc one smal] 
group from each grade, two through four, will be described. At the 
conclusion of each problem solved, a summary of the language-thinking 


and mathematical-thinking is provided to indicate the pattern of 
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development expressed by the individual and the small group from each 
grade level. 

As previously stated in Chapter III, no predetermined criteria 
were available to allow analysis of the experimental data. Derivation 
of criteria arose through use of Polya's framework for mathematical 
problem solving and examination of the language used by the children 
manifested within the framework. This procedure enabled the researcher 
to identify specific language functions and strategies used to facili- 
tate the mathematical learning. The plan to examine the language 
functions and strategies arose from study of the work of Tough who 
initially examined language arising in children's play. The methodology 
of Tough in conjunction with the framework of Polya enabled the 
researcher to derive criteria which made possible the perceptions which 
have been drawn from selected excerpts found in transcriptions con- 
Sidered most pertinent to children solving given mathematical problems. 

Included in this chapter, in sequential order, is the following 
information: 

1. An overview and outline of criteria derived for analysis of 
the data. 

2. Interpretation of data collected from (a) an individual 
grade two child and (b) a small group of grade two children. 

3. Interpretation of language and learning strategies arising 
from data collected from individual children and small groups of 
children in grades three and four. 

4, Knowledge of mathematical labels. 

5. Non verbal behavior observed while children solved the 


partitioning problems. 
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OVERVIEW OF CRITERIA USED TO ANALYSE THE DATA 


Since the given learning tasks were mathematical, Polya's frame- 
work for problem solving served as a basic framework for the analysis 
of the data. Elaboration of each step, made possible from careful 
study of children's verbal and non-verbal behaviors derived from 
selected audio-visual transcriptions, evolved. As patterns of children's 
language use emerged, it became increasingly evident that four major 
functions and strategies identified by Tough with the addition of one 
important overriding category, the clarifying function, would serve as 
appropriate categories for analyzing and describing the language and 


learning strategies applied while solving the mathematical problems. To 


facilitate understanding of the criteria applied in the analysis of 
the data, a summary of the five main language functions precedes the 


outline of the criteria used to analyze the data. 


Summation of Language Functions 


Clarifying Function 


Clarification is concerned with successful interpretation and 
understanding. This function relates to concern with status of self 
in that the desire to succeed is integral and also to other recog- 


nition as approval, agreement and reassurance are sought. 


Reporting Function 


This function relates to immediate and recalled experiences. The 
purpose seems to be one of identification of the elements of the 


experience and is served by a number of strategies which move toward 
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logical reasoning in which the experience is organized at different 


levels of meanina. 


Directing Function 


This function is concerned with directina the actions of self 


and/or others. 


Self-Maintaining Function 


This function is concerned with the comfort, feelings, success and 
status of the self and with preventing trespass on one's property, 
person and rights. Maintenance of the self necessarily involves trying 
to control others and to not be controlled by others and hence is 
realized in reaction to others. Self-maintaining and relational 


functions of language are not independent of one another. 


Predicting Function 


This function is concerned with projecting beyond the immediate 
experience, a seemingly cognitive ordering of events which have not 
yet happened. 

OUTLINE OF LANGUAGE FUNCTIONS AND STRATEGIES 
WITHIN POLYA'S PROBLEM SOLVING FRAMEWORK 
I. Understanding the Problen: 
Language and strategies used by the learner were: 
1. Clarifying the Meaning of the Stated Problem 
a. interpreting the problem by reading aloud to the self 
b. interpreting the problem by reading aloud to others 


c. assuring the interpretation 
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i. seeking agreement of understanding 
ii. justifying the interpretation 
iii. surveying possible alternatives 
2. Clarifying the Meaning of the Illustration 
a. interpreting the illustration 
1. directing the self 
ii. monitoring detail 
iii. comparing details 
b. reporting 
1. observations 
ji. analysis 
iii. procedures to interpret 
iv. conclusions 
os ana by developing an imaginary situation based 
upon real life 
II. Planning the Solution 
Language was used for: 
1. Reporting 
a. toward logical reasoning 
i. referring to detail 
ii. recognizing related aspects 
iii. making an analysis using the above 
iv. recognizing and extracting central meaning 
v. reflecting on the meanina of the experience 
including own feelings 


vi. justifying judgments and action 
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vii. reflecting on events and drawing conclusions 
viii. recognizing solutions 
ix. sequencing activity 
2. Predicting 
a. anticipating possible solutions 
b. anticipating and recognizing alternatives 
Cc. predicting consequences of actions 
d. predicting alternate solutions based upon imagined but 
real life situations 
e. anticipating a sequence of events 
O27 Dieeeting 
a. monitoring one's own action 
b. directing the actions of self 
c. directing the actions of others 
d. questioning to seek collaboration 
e. collaborating with others 
4. Self Maintaining 
a. identification of self interest 
b. justifying and recognizing ownership 
c. establishing conditions 
d. surveying possible alternatives 
III. Solving the Problem 
Language was used for 
1. Directing by 
a. monitoring self or others 
b. guiding actions of self or others 


c. collaborating with others 
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2. Reporting—moving toward logical reasoning by 
a. explaining a process 
b. explaining a process accompanied with illustration 
c. justifying judgement 
d. reflecting upon action and drawing conclusions 
e. recognition of principles and concepts 
f. analyzing problems and solutions 
3. Clarifying by questioning in order to 
a. seek assistance 
b. seek approval 
c. extract meaning 
IV. Reviewing the Solution: 
Language was used for 
1. Clarifying ideas by 
a. questioning 
b. reporting—moving towards logical reasoning 
7. explaining 
bheJUs biGy ing 
iii. comparing 
iv. reflecting 
v. concluding 
vi. recognizing principles 
c. evaluating 
d. reading aloud 
e. directing 
i. questioning to seek collaboration 


ii. directing actions of self or other 


= 


eooh out onan emtwon 8 
at 


Esqpono, os, am 


| _ sonesetees 4 eae 
ms ReNape: Z 
| “Ditton same F 
“prot autag ad? een 
abr, Land enw s 
“a 2aabt oohaeet 
patitot 3 aeup “ 
prtiadesny fenhpel 2 basa? mente Aciaahily 4 
oaiwr aque 

pr hide, | yee 

outeminn , 

garsoatton 
- gotbaf aned | a 
estatantag entsingoaen | 
Roem ne 


so 

d° 
7 
iv, 
sp 


ba 
-. é 
_ 
}- 


4 7 


43 


SOLVING THE PIZZA PROBLEMS: GRADE TWO 


Individuals and small groups were involved in solving the pizza 
problems. Therefore, discussion of the strategies employed by the 
individual child in attempting to solve the pizza problems is followed 
by a discussion of the small group strategies employed by the grade 
two children. 


Problem Solving Strategies of the 
Individual Child 


Since there were eight pizza problems to solve, the major 
Strategies used by John in each situation, beginning with the simplest 


problem and progressing to the most difficult, will be described. 


Pizza Problem One 
Given the simple task of allocating one whole pizza to each boy 
and one whole pizza to each girl, John demonstrated that the following 


strategies were necessary. 


I. Understanding the Problem. Two strategies were initiated by 


the problem solver when endeavoring to solve the prohlem. The first 
strategy was to read aloud to the self the five posed questions 
(stated in Chapter 3). Of interest while reading aloud to the self 
was the interruption by comments (e.g., "Pizza -- right -- it's 
confusing. Well I think so -- if it's fair shares"). This seemed 
to be an acknowledgement that the problem had been read correctly, 
leading to the conclusion that the problem was confusing. ‘/hen 


attempting to understand the problem, it seems possible that the 
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child's concepts of 'fair' and 'share' evoke confusion. This notion is 
Supported throughout the problem solving procedure and is demonstrated 
by the difficulty encountered by the problem solver in separating the 
two sub-problems, boys sharing pizza from girls sharing pizza. In 
order to achieve 'fair shares' there is the attempt throughout the 
problem solving process to solve one all inclusive problem, children 
Sharing pizza,rather than to solve each of the two sub-problems. The 
confusion, giving rise to the difficulty described, is first identified 
in the commentary of the child while reading aloud to the self, the 
first strategy employed. 

The second strategy was to read the same questions to another, 
the researcher, as though reassurance was being sought. No commentary 
accompanied the reading. 

Strategies to clarify the understanding were reading aloud to 
the self and reading to another. Meaning was seemingly brought to 
the problem by use of these strategies as the child then was able to 


proceed to plan to solve the problem. 


II. Planning to Solve the Problem. By means of a question, John 


sought further clarification regarding the precise activity needed to 
solve the problem (e.g., "Do I just draw in the pieces here -- to make 
fair shares"). The implied reference of the researcher to the 
original questions (i.e., "Maybe you had better do the boys first") 


was recognized and reported by John (e.g., "That's a question"). 


III. Solving the Problem. To solve the problem, the child used 


his language to direct the action (e.g., "He gets four pieces"), to 
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monitor the action (e.g., "Okay. Just cut them like that. Okay") 

and to report the progress (e.g., "Three" and "That's her pizza"). 

In response to the researcher's probe, "Can you tell me why you're 
dividing them up?", the problem solver reported, "I'm dividing them 

up so each boy and each girl gets -- like -- 4 pieces. Cause if 

I was dividing them up into 4 over here and 3 over here it wouldn't be 
fair shares." This report implies more complex thinking than simple 
monitoring or directing of one's own actions. The reason stated 
implies a move toward logical thinking to explain the process and 
justify the behavior. 

The functions of the jenadaqaiaces to solve the problem were 
directing (the strategies being to direct the action of self and to 
monitor the action) and reporting. Embedded in the report is an 
analysis which refers to the components of the problem and a reflec- 
tion upon the meaning of the solution. Evidenced by the solution, 
the problem solver realized that each boy and each girl would receive 


One whole pizza but ‘fair shares' seems to imply equal sized pieces. 


IV. Reviewing the Problem and the Solution. The solution 


reported was "four quarters." In response to the query, "What's 
another name for four quarters? How much has he got?", the problem 
solver stated, "four pieces -- that's one whole pizza." The child 
determined that "four quarters" is "four pieces"; that is, "one 
pizza." Qne pizza is recognized as "one whole piece" and it is 
restated that in this problem, one whole piece seems to be "actually 
one whole pizza." Language served to report and perhaps justify the 


findings. Furthermore the child's talk suggests that the problem 
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solver had reflected upon the solution, made an analysis, drawn conclu- 


sions and evidenced a determined effort to synthesize the conclusions. 


Summary: Language and Strategies Used in Solving Mathematical 


Problem One. Once the problem was clarified and the solution planned 
(i.e., "Do I just draw in the pieces here, to make fair shares?"), the 
problem solver had no difficulty and began partitioning in fourths 


using a horizontal line, halving, and its perpendicular bisector. 


Pizza Problem Two 
To solve the problem of sharing one pizza among three boys and 
three pizzas among nine girls, John demonstrated the following specific 


strategies were necessary. 


I. Understanding the Problem. As the child used his language 
to clarify his ideas and seek understanding, three strategies were 
apparent: reading aloud to the self, reading to another, the 
researcher, and questioning. Having read, the problem solver concluded, 
"These are the same questions" and then queried "Fair shares?" as if 


to affirm the desired procedure. 


II. Planning the Solution. The plan was evidenced in one 


utterance (i.e., "Make it equal to six pieces"). John used his 
language to direct the activity of self. This plan necessitated use 
of the halving mechanism to solve the problem and was initiated with 


a horizontal cut. 


III. Solving the Problem. The solution of the problem was sought 


in two steps: (1) to share the pizza fairly among the boys and (2) to 
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Share the pizza fairly among the girls, using the same procedure as 
used in step one, partitioning to eventually achieve thirds. 

During the first step, the language again seemed to provide self- 
direction and monitor the action (e.g., "-- across (OO) -- and three 
boys -- No -- eraser -- “ ]"). In response to the probes, "What are 
vou trying to make?", 'Ihy?", the problem solver reported a perceived 
relationship to justify the activity (i.e., "Pieces -- so each boy gets 
one fair piece of pizza"). Talking to the self (whisperinc) accompanied 


the second step, partitioning in thirds (e.g., "-- like that --"). 


IV. Reviewing the Problem and the Solution. The problem solver 
used his language to clarify. by questioning (e.g., “dividing sign?") 
and to try to logically reason the solution. Several attempts towards 
logical reasoning were apparent. To justify the judgment, "they get 
the same amount," the problem solver stated, "I needed three pieces 
Causeaticre S Ulree pdyss Cause edCh boy gets one piece. of pizza out 
of three [pieces] and each girl gets one piece of pizza out of three 
[pieces] ," and "I drew three lines so each girl got one piece out of 
three." To explain the process, John reasoned, "I figured it out by 
Starting in the centre and drawing three lines out from it [the 
centre]" and "I divided the girls up into groups, three groups, this 
pizza, this pizza, this pizza." An effort had been made to compare 
the two solutions: "I took -- took them out of one pizza and put it 
with the other and the other." The problem solver had reflected 
upon the solutions, searched for a means to confirm sameness, and 
concluded the work was accurate by use of comparison and analogy. 


In fact, the paper had been folded to place one circle atop the other, 
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held to the light, and the "pieces" analyzed to be identical size. 

It seems significant that the problem solver recognized that the 
arithmetic process needed was division (e.g., "One pizza divided by 3"). 
By using speech to direct his action, he wrote 1/3 (i.e., "This, 1, 
and /, 3 over here [1/3]") but was unable to recognize thirds (e.g., 

"] divided by 3 is 2"). Having reflected upon the symbol 1/3, the 
problem solver concluded that he did not really know the name. 
Apparently the problem seemed to be that the child did not know the 
language label necessary to clearly identify nis solution although he 
did demonstrate considerable understanding of the concept, partitioning 


Thecnirds. 


Summary: Language and Strategies Used When Solving Mathematical 


Problem Two. In summary, the specific steps taken to solve 
the mathematical problem and understandings achieved as revealed by 
John's action and language use were: 

1. The child recognized that two problems existed within the 
task and that two answers were necessary. Therefore, the problem for 
him seemed two-fold: (a) to share the pizza among the bovs and (b) to 
Share the pizza among the girls. This recognition was not as evident 
when solving pizza problem one; seemingly, a transfer of learning had 
occurred. 

2. Next John determined the answer for (1), using the halving 
mechanism by means of a horizontal cut to achieve sixths, as shown 
in Figure 4.1. Then the solution was revised by erasina to achieve 


thirds. 
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The Strategy Employed to Achieve Thirds 


Figure 4.1 


3. The solution for (2), (i.e., to share the pizza among the 
girls), was obtained by grouping and then partitioning in thirds to 
achieve one to one correspondence within the group. The stated 
reason for grouping was, "So each girl gets one piece of pizza so 
it will be even with the boys" rather than an analysis of details 
inherent in the problem (i.e., nine girls and three pizzas). It is 
interesting to note that partitioning in thirds no longer began with 
the halving mechanism. Apparently the concept of partitionina in 


thirds had evolved as shown in Figure 4.2. 


wan 
Figure 4.2 


The Progression of Partitioning in Thirds 


ait pnome sxstq wi Raw ey Say ee wants 
od ebrkdd nt eataot sta vent i gata ud dei oie 7 

batete adit aon ‘aad whith donsbenqeerio) ene ats - 

oe Brstq To ooarG ‘eno eten tare tbage" hw yitquang - na 

oftadeb to 2ieyhens ne need “adder “eyed ods attw nv. od tt 3 

at JI (258810, sauld- bne, elerp. sain reat) mB Go%G ota mia 7 

ddtw teped negro! on arid ar pithnon gi 90 $9ei0, ston. of @ tat 

nt ontaohtiavaq, 16 dqgone3- at} uftes aged, se tne om. seul | 

(Sf sigph? ait wade <tlnail ial tad | 


$4 seueta 
2ovlaT at patnotatiyet to nozesipoyt sft h 


50 


Pizza Problem Three 
Given the task of sharing two pizzas among three boys and eight 
pizzas among twelve girls, John demonstrated that the following 


specific strategies were necessary. 


I. Understanding the Problem. To clarify the problem, the 


problem solver seemingly assumed the questions were the same as those 
in the previous tasks as the questions were ignored and John first 
looked at the pictures. After focusing upon the pictures, he responded 
to the researcher's comment, "This one is a little trickier," by 
Observing and analyzing as if to reason why the problem was trickier 
(e.g., "Cause this girl doesn't have a pizza"). '‘Ihen reflecting upon 
the meaning of the experience, reference was made to needs (ji.e., "I 
don't’ want that one [girl]. This girl gets one whole pizza and the 


rest only get half"). 


II. Planning the Solution. By thinking aloud to himself, the 
problem solver explored several alternative solutions which were 
embedded in a series of reports and predictions. There appeared to 
be an effort to analyze and extract the significant meaning (e.g., 
"There's three for one here and there's three for two here") and to 
reflect upon one's own feelings (e.g., "This one is trickier," 

"might be easier if -- this is really tough"). The strategies within 
the predictive function focused upon recognition of possible alterna- 
tive courses of action and prediction of the consequences (e.g., "Three 
boys. Let's see -- I put pizza in halves and a half left," "One pizza 


at a time, have to cut it into -- pieces --," "Give it [the second 
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pizzel—toncthe igur lst oi hrthinkal’ Tihitry that. aethat bsistwo: [pizzas])'each 
[group]"). Through use of prediction, the child had locaically 
reasoned that both partitioning and grouping were necessary to solve 
the first part of the problem, that is, to share the pizza among the 
boys. 

To predict the likely procedure necessary to solve the second 
part of the problem (i.e., to share the pizza among the girls), the 
child stated "Probably the same." Predicted consequences of the 
action were made by reference to detail while thinking aloud (e.g., 
"She's for that pizza. She's for that pizza. She's for that spizzary 
That would be -- two girls for another pizza -- think it is one pizza -- 
eight pizzas -- four more pizzas"). \!hen the possible solution was 
not successful, the problem solver expressed his frustration and need 
for assistance (e.g., "I don't know how -- where's that teacher"). 
The utterance served a self-maintaining purpose. 

When reviewing the problem solving process with the researcher, 
the child's statement, "three girls, one pizza," implies grouping had 
occurred. However, four pizzas remained. Through a series of questions, 
the thinking was clarified as shown in the following teacher questions 


and child responses. 


"How many pizzas left over?" EEoun: 

"How many groups of girls do erOuUrs 

you have?" 

"So what could you do with the "One more pizza for each 

four pizzas that are left over?" group" 

"-~ SO? --" "How am I going to divide 
it? 4 


Language seems to have served two functions during the review outlined 


Boose eit ovlor to: veenpage 3 


ait .(ainhy p ad pnoris. Bst¥ih erat Peer ) maidens 
afd % ssonoupoenen peste" "te at xf de ie a 33 
suota parents atti hata fs ganbieter a 


ao% e*ate - ASRS sea 1a Poe .asst sed 
a 3 


st ++ dnt — sesid ‘goatee wr ry owt ~. ad bf J 9 


-» Sef SHO ef 51 
; 
se 


26m natmufoe siGheeng add pret “zssntq sryain “0? — eas rq be 


bean be NOMENSENT eff poe a 1a%e yeviide nator as -fvkea920 
_(~peognd dad ef onedie «- wot Wand BoNGb ciaP os) sors 


apoatug oni tediit sitet 92 ‘Bb bovis? * 
wsioredesy orld Atal 2egobag | pntyiioe nisfarnay wilt ee 
ed pArQuotT. ao? Pom iit Salita gio me is 2a) apt « snbabonte 2 
onottesup. te.sateda, & opecwlt bap ismes eescng (HO? ie mnipite 

‘a .e vy 

io -veizead patwerfok- eit it qwora. ze beltiteto ay Bablabds 
"aor basa 89h ans in 

Cr ae eb atte ¥o an 


dose yo? aastaostam aaa” Pha Asiy 6 pb yoy Be 
| HE ; ee nat iol 


ebivih m2 enh 1 OP | “NG wai a oe | ry ai - i‘ a eg 
Z : _ 4 : ie a 


pantiswe wervsy ad > ta sori 


above—reporting and clarifying. By raising questions as a possible 
means of gaining understanding, the problem solver was enabled to 


proceed directly to the solution. 


III. Solving the Problem. Only one utterance was expressed 
(e.g., "Ooops"). This monitored the action and directed new action 


(i.e., erasing) that resulted in the solution (i.e., thirds). 


IV. Reviewing the Problem and the Solution. Language appeared 


to serve two important functions in the review of the solution— 
reporting and clarifying. By raising a question as a possible means 
of gaining meaning, the problem solver sought clarification (e.g., 
"How much did I get out of each pizza?"). Embedded in the report is 
the generalization that fair shares is the same amount (e.g., "Cause 


if it's fair shares, fair shares means you get the same amount"). 


Summary: Language and Strategies Used in Solving Mathematical 
Problem Three. As reflected in the talk, the solution to the problem 


was sought in the following sequential steps. 


Part (1): (the boys) 


1. "I cut this pizza into three pieces. Cause there was 
three boys" 
2. ‘I cut up three more pieces" 


3. "I gave each boy two pieces" 

Partie(2)tus (thesginis) 

1. "I gave each group of girls one pizza" 

2. “I gave the leftovers to the groups. Each group gets two 


pieces" 
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3. "I divided the next pizza up into three so each girl gets 
two pieces" 

Part (3): (Comparing) 

1. "I took my fingernail and measured it," provides evidence 
that the child had sought to prove the accuracy of his 


solution, "they got the same." 


Pizza Problem Four 
Given the task of sharing four pizzas among seven boys and two 


pizzas among four girls, John employed the following strategies. 


I. Understanding the Problem. The problem solver looked at the 
picture, reported his observation by referring to detail (e.g., "Oh! Oh! 
Now look at all the boys"), and, seemingly assumed that the questions 


were the same as those in previous problems as there was no rereading. 


II. Planning to Solve the Problem. Ina series of reports to 


the self, as revealed in the following examples, the language of the 
problem solver suggests serious efforts were made to reflect upon 


the meaning of the problem. 


Example Strategy Used 
1]. "-- some pretty tough" reflecting upon the experience and 


his own feelings 


2. "The girls are easy to self maintaining 
divide. I know that." 


3. "It wouldn't work. Two boys anticipating a possible solution 
got one pizza cause there and consequence 
will be one left over." 


4, "What would I do? -- three raises a question to focus and 
pieces -- no, I have to --" clarify the procedure 
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5. "It can't be. One guy gets analyzes a possible solutions; 
One whole pizza and one quy finds it inappropriate 
gets an itsy bitsy piece." 


6. "It would be a little hard recognizes an alternative course 
CUCTING 1t) into seven pieces.” of actionvand, reflects. upon the 
difficulty 


By means of a question, "What did you say?" the researcher 
attempted to focus the child upon his last statement (see number 6 
above). Ignoring the researcher, however, John focused upon the 
second pizza and predicted the same difficulty (e.g., "It would be a 
little hard cutting it [the second pizza] into seven pieces again"). 


He then directed his action and predicted success (e.g., "-- turn 


it around -- sure, I could do it"). 


III. Solving the Problem. Four utterances were made while 
solving the problem. The first monitored the activity (e.g., 
"four -- half"): the second predicted a better procedure (e.g., "I 
know I'll cut it into five [sic] pieces"): the third monitored the 
ACTION (Crd loess sth, 08, Oa 7s) camand che? founth sageportedsa 
successful solution (e.g., "I've got seven pieces"). Upon completion 
of the task the child sought by means of a question to clarify the 


solution (e.g., "What's my answer"), seemingly searching for a label. 


IV. Reviewing the Solution. It appears that the problem solver 
used language for three purposes; namely, to clarify the meaning, to 
report the solution and to explain a process. To clarify the meaning, 
each of the original questions was read aloud and then the solution 
reported. To explain the process which enabled the child to determine 


which was more 4/7 or 1/2, the child appeared to have reflected upon 
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a possible proof (e.g., "Let's see"), and reported that he had used 
the diagrams as the basis for proof. In fact, he had placed 4/7 atop 
1/2 and recognized 4/7 was more. This implies the child had, by 
logical reasoning, sought a means to know which was more, lacking only 


the labels needed to convey the meaning. 


Summary: Language and Strategies Used When Solving Mathematical 


Problem Four. 

1. When given the task, the problem was recognized to require 
two answers. 

2. The solution, one-half, was immediately recognized to 
part (2) of the problem and this part was answered first. 

3. Once the answer was determined for part (2) (i.e., the 
girls), the problem solver endeavored to use the same process 
(halving mechanism) to achieve the solution to part (1) (i.e., the 
bovs). 

4. The process was initiated by grouping, which was unsuccess- 
ful. Then one to one correspondence was sought, using trial and 
error. In summary, the process evolved as Shown in Figure 4.3. 

The solution was correct and recognized as "four out of seven." 
Again, no label was available. The size was reported as "pieces." 


Portions less than one-half appear to be labelled as "pieces." 
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Figure 4.3 


Evolution of the Procedure to Achieve Four-Sevenths 
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Pizza Problem Five 
When presented with the task of sharing six pizzas among four 
boys and nine pizzas among six girls, John demonstrated that the 


following specific strategies were necessary. 


I. Understanding the Problem. John immediately referred to the 
picture, focusing his attention upon the boys. Seemingly, the child 
assumed that there were two questions to be answered and that two 


solutions would be required. 


II. Planning the Solution. The solution to the problem was 
planned in the following sequential steps. 

Part (1): (the boys) 

The linguistic activity of the child reveals an attempt to 
predict possible solutions and suggests strategies of logical reasoning 
to arrive at a conclusion as revealed in the following example: 

Two pizzas for two people and there would be two left over. 

So that might be three pizzas for two kids equals three 

pizzas for two kids. So I think they have to go that 

way. 

The problem solver had referred to the detail of the problem, recog- 
nized possible solutions, reflected on the solutions and derived a 
plan. The use of "so" indicates awareness of relatedness and 
connectedness. "Might be" suggests that the child was aware of other 
possible solutions and "I think" precedes the conclusion. 

Partot2ie {thergirls) 

The functions of the linguistic activity while planning the 


second solution were to reflect on the meaning of the experience, 


including the child's own feelings (e.g., "That's a little tougher"), 
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to predict a possible solution (e.g., "It has to be two for three"), 
and to clarify the process by questioning (e.g., "How can I divide 
into four pieces?"). At this point, John apparently equated two 
pizzas with two girls, became confused, referred back to part (1): 
(the boys) and re-directed his thinking and activity (e.g., " -- get 
three pieces -- so half right in the middle --"). The child had 
apparently analyzed, selected and discriminated. Of particular 
interest is the prediction made "It's two for three. It has to be 


two for three" since two boys share three pizzas in part (1). 


III. Solving the Problem. After planning the solution no 
language was used to solve the problem of sharing the pizza among 
the boys. 

To solve the problem of sharing the pizza among the girls, the 
activity of the prohlem solver was monitored, a strategy of the 
directive raipheoae (e.g., "One, two -- there's two for three, two 
for three, two for three") and the solution then reported (e.g., "Each 


girl gets three pieces -- three pieces"). 


IV. Reviewing the Problem and the Solution. In response to the 


question of the researcher, "How much pizza did each boy get?" the 

problem solver sequentially read aloud each of the printed questions 
indicating the need to clarify the questions, probably because this 
need had not earlier been satisfied. The child then concluded, "If 
they get fair shares, they would have the same amount." This state- 
ment and the attempt to determine the solution to sharing the pizza 


among the girls by using the same procedure which was successful 
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to solve sharing the pizza among the boys suggests the problem solver 
may have projected the above conclusion into the second part of the 
posed problem. By ‘talking it through' John endeavored to logically 
reason the solution. Twice he sought to clarify the question, "How 
much pizza does each boy get." First, a question was directed to the 
researcher (e.g., "In a group?"). Secondly, a question was directed 
to the self as if to focus attention (e.g., "How much does it go 
together"). John then reported, "If you put them together that would 
make one pizza and a half." The solution to sharing the pizza among 
the girls was reported and explained: "A pizza and a half. The two 
halves together and you would have one more half left over so it's 
three pieces. It's a pizza anda half." Through use of logical 
reasoning the child recognized the mathematical principle that three 
halves equal one and one half. 

To describe the process, John reported: 

Okay, I figured it because, first I tried two people for -- 

two boys for two pizzas. That didn't work. So I tried three 

boys for -- two boys for three pizzas and they had -- | 

divided so -- so that each boy gets the same amount. Then 


girls by three pizzas for two girls and then I drew in a line 
to divide the pizza in -- pieces. That's how I figured it out. 


The report indicates a planned solution and that the plan necessitated 


grouping. The arithmetic process was recognized as division and 
there was the need to achieve equal portions or sameness (e.g., "So 


each boy gets the same amount"). 
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Summary: Language and Strategies Used When Solving Mathematical 


Problem Five. 

1. When presented with the task, the problem was recognized to 
require two answers. 

2. The solution for sharing the pizza among the boys was deter- 
mined first. The procedure was to group (e.g., "equals three pizzas 
for two kids"), and then to partition in halves using horizontal 
cuts as shown in Figure 4.4. 

3. The problem solver used the same procedure to share the 
pizza among the girls as had been successful to solve the problem 
of sharing the pizza among the boys (e.g., “Its two for three. It 
has to be two for three"). 

4. The problem solver concluded three halves is the same as . 
one and one half (e.g., "If you put them together that would make 
One pizza and a half"). After attempting one to one correspondence, 


the process to achieve the solution evolved as follows :. 


Figure 4.4 


Transfer of Problem Solving Process to Achieve 
One and One Half 
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Pizza Problem Six 
Given the task of sharing three pizzas among seven boys and 
Sharing one pizza among three girls, John demonstrated that the 


following specific strategies were necessary. 


I. Understanding the Problem. Ignoring the questions, the 


problem solver referred immediately to the picture and concluded, 
"The girls aren't hard," indicating a recognized solution and a 
reflection of his own feelings. Attention was then directed to 
Part (1): (the boys), (e.g., "Let's see if I can figure out the 


boys"). 


II. Planning the Solution. The language used by the problem 
solver as he monitored his own activities suggests that by a process 
of elimination, based upon prediction and reasoning, various possible 
solutions were reflected upon and discarded as inappropriate (e.g., 
"Let's see. One for one pizza. Nope that didn't work. Two for one 
pizza. No. Three for one pizza. Oh. Oh. I took my name -- 
[inaudible]"). Embedded in the process is a reference to the detail 
(e.g., "seven boys for three pizzas") which seemed to give rise to a 
new possible solution (e.g., "give one pizza to each boy, there would 
be four boys left over"). In response to the researcher's probe 
(e.g., "What happens if you try doing it the same way as the girls") 
the problem solver referred to the pictured solution, Part (2): (the 
girls), predicted (e.g., "I think I know what would happen"), 
monitored his activity (e.g., "If I divided this way -- these guys 


get it -- three -- these guys would get this. Then this guy would 
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get that --") and concluded (e.g., "This one doesn't get near fair. 
He's not having a fair share"). The conclusion was supported by 
logical reasoning using comparison (e.g., "Cause these guys get a 

small piece and he gets a great big pizza"). This process seemed 

to provoke new insight (e.g., "Cut it in seven pieces!"). The 
researcher, by means of a question, tried to focus the child's 
attention (e.g., "What should he have?"). The child stated, "What he 
Should have is something like that" and drew ES This also apparently 


led to a possible new solution (e.g., "I know. Get seven more pieces"). 


III. Solving the Problem. The subsequent attempt to enact the 
predicted solution was accompanied by speech which monitored the 
action= (6.g.,. "---cut it (4) into seven pieces but then it won't be 
fair shares. Let's see. Umm"). By partitioning in thirds, the 
child neared completion of the solution. The question, "Nhat are you 
going to do with the left over part," was responded to by, "I don't 
know. [pause] Cut it into seven more pieces!" The activity was 
Mom ttOred a Ol0- gray oe oy 10,0 7's). Corrected. accompanied iby 
monitoring (e.g., "More pieces have to go. Not big enough") and 


reported (e.g., "I divided the one piece left over"). 


IV. Reviewing the Problem and the Solution. In response to the 


questions of the researcher, the child reported his answer and sought 
to clarify the researcher's questions by means of his own questions, 


as evidenced in the following dialogue: 
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Researcher Child 
"Can you tell me how much each "One piece." 
boy gets?" 
"How big is that piece?" “How big is that piece?" 
"One piece out of how many?" "Three." 
"How much does each girl get?" sOnew, 
"Out of how many?" "Out of three." 
"What did you divide that (5) "Seven pieces." 
Tr eOe. 
"Who did you say got more?" "The boys." 


When explaining the process reference was made to detail and 
again justified the reasoning (e.g., "There was seven boys here and 
each one of them got one piece and there still was some more left 
Over so I decided to cut that in seven's. -- One more time, so they 
each got two pieces"). Labels were not available to report the size 
and reference was not made to the concept inherent in the problem, 
that is, three pizzas, seven boys means three-sevenths. The overriding 
notion seemed to be that fairness meant all the children should 


receive the same amount. 


Summary: Language and Strategies Used when Solving Mathematical 


Problem Six. 

1. When presented with the task, the problem solver recognized 
the problem required two answers. 

2. Part (2) (the girls): The problem solver stated, "I know. 
The girls aren't hard" and immediately determined the solution by 
partitioning in thirds. 


3. Part (1) (the boys): The problem solver while monitoring 
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the activity sought to determine the solution by means of trial and 
error. He then resorted to applying the solution to (2) sharing the 
pizza among the girls, that is, partitioning in thirds. John then 
partitioned "the part left over" in sevenths by using radial strokes. 


In summary, the solution evolved as shown in Figure 4.5. 
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Figure 4.5 


Five Progressive Steps to Share Three Pizzas 
among Seven Bovs 


Problem Solving Strategies of the Small Group: 
Grade Two 


For each of the four pizza problems the major strategies demon- 


Strated by the group will be reported. 


Pizza Problem One 


The three children solved the first problem as follows: 


I. Understanding the Problem. The initial activity of one child 
was to embellish the pictures of the pizza. In response to the 
question of the researcher, "Why are you doing that?", the child 
stated, "I'm putting on the pepperoni," and then justified the 
activity, "'Cause these pizzas only have cheese." The child obviously 
realized the pizzas were not real but seemingly elaborated the problem 
through use of the imagination based on real life experience and was 


directed from the activity by a second child (e.9., "Do that later"). 
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Endeavoring to clarify the problem the problem solvers initiated 
two procedures. First each child read aloud to the self the five 
posed questions (stated in Chapter 3). Secondly the same questions 
were reread aloud to each other. Meaning was seemingly brought to 
the problem by use of two strategies: reading aloud to the self and 


reading aloud to others. 


Ii. Planning the Solution. Reference to the. pictures and noting 
the detail was made by Karla when planning the solution (e.g., "Look 
1 te Cigsead cbs Onan! ere NehenSaSevenepiZzas_andeLheress lad. 3, 
4, 5, 6, 7—7 kids"). By counting aloud, Helen confirmed the detail 
beste ml eco eee oe OSes ss ls Con 55 foe onmOs hem eann wancakar ld 
concluded, "So they each get one." \lithin the directing function of 
language, two strategies are apparent: directing the action of 
others and monitoring the actions. It is of interest to note the two 
problems (how much pizza for boys and how much pizza for girls) were 
not separated but treated as one problem (pizza for "kids"). All 


reached a consensus of opinion (e.g., "Yeah. They each get one"). 


III. Solving the Problem. By means of a question, effort was 
made to clarify the desired procedures ("Do we put a ring around them") 
and followed by the use of language to direct the activity (e.g., "Put 
a ring around"). To the researcher's question, "!!hat are you doing 
now?" Helen reported, "I'm putting it in his hand so he eats it 
nicely." Imagining, based upon real life experience, seemed to 
influence the group activity as all then drew the pizza in the hand 


(e.g., Karla: "Yeah. Cut it in pieces—the same kind of pieces") and 
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with further direction (e.g., Annie: "Make sure they're the same. 
Cut them right"). Implied is the notion that all pieces should be 
the same size but each group member need not do the same (e.g., 
Annie: "Your's are different than mind." Karla: "Doesn't matter 
long as they're the same"). This rather confusing response seemed to 
be intuitively understood to mean as long as your pieces are all the 
Same, and my pieces are all the same, then it doesn't matter that 


yours are different from mine, i.e., all the same size. 


IV. Reviewing the Problem and the Solution. To review the 


solution the children first used language to direct the activity 
(e.g., "Let's see. Now let's do the questions"), then to clarify 
the questions each member of the group read the questions aloud to 
the self and then used language to determine who was to report the 
solution (e.g., “Who writes the answer?"). Karla replied with 
justification (e.g., "We all do. She gave us each a paade"). The 
group agreed and recorded each boy got one pizza, each girl got one 


pizza, and this was the same amount but the stated reason was given by 


Annie, "Cause it's fair shares." To explain the process the group 
reported they had referred to the pictures ". . . we counted the 
pizzas and we counted the kids, and we put a ring around." Parti- 


tioning, though done by all, was not reported. 

Throughout the task, the language reveals relational strategies 
which recognize others (i.e., acknowledging, agreement, seeking 
consensus of opinion). 

The relationship among the three children is inferred from the 


way each approaches and responds to the other. An assumed equality of 
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friendly mutual support prevails as the basis for their talk during 
the assigned tasks and through to achieving an agreed solution. At 
times the relationship seems under strain as the leadership role 
becomes dominant and accuracy and approval are sought. Once positive 
recognition of achievement is affirmed the group automatically pro- 
ceeds harmoniously and renegotiation of the leadership seems to be 


unnecessary. 


Summary: Language and Strategies Used When Solving Mathematical 


Problem. One. 

1. The problem was not recognized to have two parts, but 
treated as one problem. 

2. Qne to one correspondence was made relating one child to 
one pizza. 

3. Three types of partitioning occurred (halves, quarters, 
eighths). All began with the halving mechanism using a horizontal 


cut. The pizza was then drawn "in the boys' hands." 


Pizza Problem Two 

I.’ Understanding the Problem. First, the children looked at 
the pictures. When the problem was surmised to be harder (e.g., Karla: 
"This is harder"), it was recognized and acknowledged by Annie who, 
while monitoring her own activity, reassured the group by disagreeing 
and predicting the solution would be easy (e.g., "No! This is going 
to be easy"). Secondly, the children sought to clarify the problem 
by use of two strategies within the clarifying function: each read 


the five posed questions aloud to the self and then simultaneously 
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reread the same question in sequential order to each other. No 


comments were made about the questions during this process. 


II. Planning to Solve the Problem. Having read the questions 
Karla initiated the plan (e.g., "Well, you'd better do the boys 


first"). Acknowledgement and agreement were expressed (e.g., Annie: 
"Okay") and the possible solution predicted (e.g., Karla: "Three. 
No"), synthesized (e.g., Karla and Annie: "One piece each") and 
grouD consensus resulted (e.g., "Three"). Annie announced to the 
group "And I know how to make it too." Acknowledging and responding 
to the comment by means of a report, Karla remarked "I don't." The 
use Of language while co-operatively planning the solution was to 
direct, predict, synthesize and report. The relational strategies 


apparent were agreement, acknowledgement and consensus. 


III. Solving .the Problem. Each part of the two-fold problem 
was discussed as follows: 

Part A (the boys): Having agreed in the plan that three pieces 
were required, each child independently attempted to achieve the 
solution. Annie, while monitoring her activity, immediately 
partitioned in thirds (e.g., "You go like that, like that, like 
that. Hmm") and reported achievement (e.g., "There. Like that. 

I made it"). Group members sought assistance (e.g., "How did you 

do it?"), and a leadership role of evaluator and instructor emerged. 
Karla presented her work (e.g., "Just lookit") and the response of 
Annie was to evaluate (e.g., "Those aren't even"), project personal 


feelings about the problem, perhaps empathizing with the other child 
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(e.g., "It's tricky") and report past experience with this type of 
problem (e.g.;, "I did it once when we were playing on the board"). 
Karla again sought approval and, as evaluator, Annie assessed the 
work (e.g., “It's still not even, Karla"). An attempt to defend 
herself and justify the work was apparent (e.g., "Look, one-two- 
three. There's three there"). These strategies are within the 
maintaining function of language. The response of the evaluator 
expressed agreement and by use of logical reasoning, Annie justified 
the evaluation (e.g., "Yes, but they're not fair"). This was repeated 
to Helen (e.g., "There's three but they're not fair shares"). The 
leadership role became that of instructor and demonstrator (e.g., 
"Here's the pizza and there's the middle and so you go [shows how 

to divide the pizza into three fair shares] like that, like that and 
that"). Both Helen and Karla again attempted to complete the task 
and to have the work approved (e.g., "Is that better, Annie?") and to 
be met with the response, "No." 

Apparently discouraged with her progress, Helen reported an 
alternate possible solution (e.g., "I know another way of making 
three. See? Like this. You can make a "T" like this. See? One- 
two-three"). Annie again evaluated and justified the evaluation 
(e.g., "There's three but --"). As evidenced below a serious effort 


was made to enable all to achieve three fair shares. 


Language—Examples Language—Thinking Strategies 
Karla: Let's see yours. - directing to receive guidance. 
Annie: Okay, here's the pizza - a report accompanied by 

and here's the middle. explanation and directing 
You go there, there, there. the procedure. 


[Demonstration] 
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Karla: 


Karla: 


Annie: 


Helen: 


Annie: 


Helen: 


Annie: 


Onetib seer 


There, is that better, 
Annie? 


No. 
I know another way of 


making three. See? Like 
this. You can make a 


"T" like this. See? One, 


two, three. 


A "T"? Okay, now here's 
the circle -- 
[Demonstration] 


One-two-three-four. Hey, 
thatis nou. tair.- chats 
not fair. 


Because they're not fair, 
they'll fight. 


acknowledgement, an effort 
to maintain the self, and 


seemingly impetus to try again. 


seeking approval by means of 
a question. 


reports evaluation. 


reports a possible alterna- 
tive. Seeks approval twice 
by means of questions. 
justifies the solution. 


questions the use of a "T". 
Begins again to explain how 
to arrive at the solution. 
directs the activity. 


analyzes own work. 


realizes the error. 
justifies the realization. 


justifies the conclusion 
using an imaginative projec- 
tion based upon real life 
experience. 


The functions of the language used in the above passage are to 


clarify, evaluate, report, direct, logically reason and imagine. 


The strategies within the functions are questioning, predicting, 


collaborating to direct an action, and justifying. The relational 


strategies are mutually supportive, recognizing and acknowledging 


needs of others, co-operation, and agreement as well as those which 


are self-assertive. 


the group proceeded to the second part of the problem. 


Part B (the tairts yi: 


In response to the urging of the researcher, 


Before 


attempting to solve the problem the group apparently recognized the 


need to plan a new solution. 


steps: 


This procedure was initiated in two 


(1) each child read aloud all posed questions to the self; 
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(2) each child simultaneously reread the questions to the others. 
This seemingly clarified the problem. Using speech to monitor the 
action, the details inherent in the problem were noted (e.g., Helen: 
‘Tihene’'shlse25135 4§ 5565075085). 9r girls!) confirmed. (e.g.5,Annie: 
"There are nine girls"), and restated (e.g., Helen, "Ten [sic] girls. And 
there's only three pizzas"). The conclusion (e.g., Karla: "Three 
girls will share one pizza and three girls will share one pizza and 
the other three girls will share the other pizza") was reported and 
agreed upon (e.g., "Yeah"). 

Annie apparently noticed the error, "Ten girls," then confirmed 
and reported the count (e.g., "Nine—there's nine kids"). Karla 
perceived that a mathematical fact, 3 + 3 + 3 = 9, may relate to the 
solution (e.g., "3 + 3 + 3 equals 9") and Helen concluded (e.g., "So 
these guys can share three and these guys can share three and --"). 
The implication seems to be "three guys" share three pieces. 

Annie supported the conclusion as she monitored a planned activity 
while referring to the diagram (e.g., "Okay, so there's one-two-three; 
one-two-three; one-two-three. That makes nine"). 

As the solution was being soucht, although all knew each pizza 
was to be divided into three, only Annie was able to proceed directly 
to the solution but not without difficulty: 

Annie: One-two-three. One-two-three, oh, oh. I didn't make 

it right this time. Where's the eraser? Here it is. 
Now let me check how I did it last time. There's one 
going down like that to the middle and one going like 
that and one going like that. 

Language was used to monitor the activity, to focus attention, and 


to analyze the exact procedure necessary. Realizing her work to be 
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incorrect, Karla sought further assistance from Annie (e.g., "There I 
did it. I did it! No good! Annie, how did you do that? Will you 
do it for me?"). The response (e.g., "No way") was emphatic. Only 
the intervention of the researcher perhaps prevented a quarrel (e.g., 
"Why not show them how to do it? Show them carefully how to do it"). 
Helen, perhaps aware of an emerging conflict attempted to set the 
relationship on a better footing by appealing to reason (e.aq., "That's 
sharing and that's co-operation"). 'Sharing’ was articulated to mean 
an integral part of co-operation, a high level of conceptualization. 
The concept of co-operation by inverse analogy is seen to include 
'sharing' as helping or assisting one's peers. This restored the 
equality and once more a mutually supportive relationship emerged. 
Again the procedure was carefully explained by Annie, this time 
accompanied by demonstration: 

Annie: You make a circle here, and here's the circle. Look at 


the circle, there. tow there's the pizza and here's the 
middle and then take the middle of the pizza and ao like 


that and that one goes like that and that one goes like that. 


For the first time, Karla achieved an accurate solution meeting 

the approval of Annie (e.g.;, "Yup. Yup. That's right"). Transfer 
of this skill was difficult and later Karla again sought Annie's 
recognition (e.g., "I did it, look"). However, the work was evaluated 
to be inaccurate and the error pointed out (e.g., "No. Look! 

Still -- look. See?") and Karla returned to the task, monitoring the 
activity as she worked (e.g., "There - there - there"). Again by 
questioning and showing the work Karla sought Annie's approval (e.g., 
"There, like this? I did it Annie. See Annie? See, look, one-two- 


three; one-two-three"). Annie again attempted to clarify the process 
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by showing her work and explaining (e.g., "I'll show you one more 
sample. Now watch. See?"). Karla agreed and directed Annie to show 
her again ("Okay, show me") and Annie again explained the procedure 
using demonstration (e.g., "There's the middle {(- )] and you go out 
[Cand then like this [Gland then straight down (A)i"). Evalua- 
tion was again sought by Karla (e.g., "Is that fair?"). The parti- 
tioning was assessed, the assessment reported and the work corrected 
(e.g., Annie: "No, you did it wrong. Like that. There"). Karla 
returned to the task, affirmed her understanding, monitored her 
activity, and then sought Annie's approval (e.g., "Oh I know now. 
Hmm, hmm, hmm. You go up and then you go -- like this, Annie?"). 
Ignored by Annie, Karla returned to the task, expressed her feelings, 
monitored the action, and again sought Annie's approval (e.g., "I'm 
worried about this drawing. Hmm. I don't draw verywell. That goes 
up (1)1, that goes out (Qi and that goes like that (QI. Like 
that, Annie?"). The work was approved ("Yup"). Seemingly, after 
many persistent efforts, Karla realized the mechanics of the pro- 
cedure. 

As Annie and Karla were working together, Helen had monitored 
her activity, realized the work to be incorrect and at the same time 
observed Karla's struggle (e.g., Helen: "No, there's four. Can I 
use the eraser, Annie? Okay, Karla, now there, there's the middle --"). 
Evidenced is a relational activity recognizing ownership. Of 
interest is Helen's attempt to direct the activity of Karla though 
unable to do the same task. The response by Karla was to assert 


the self (e.g., "I KNOW how to do it"). The message was definitely 


('.- ofbbim § sid 2' sais onat it en oe a we 


‘ piubaoote eds sibotoes tie 
deo OF WON bre +} inetd 

-suleva Ay wok seotente ; n bin 

| teveq sit © oC" SH Sone ahr , } | $ 

batosyio sow edd» brs sandals pees vats vines 

sivel .:{ "evant .tedt sold sahomest Ste. eel 

yan bate¢tnom ,porbhe pester “ott baat ‘na ; 8 bon 

wow wont 1.AG" eect fs venga € ‘sek diguoe rer 2 Tr iv 

etdt ait! <—~ \@tpy newt bie! a op wey ad A 


2ontiga? vet bezeevaKe .4e82 ons 67 benntart airen unl i ay 


m’ 2" O87 faved io 2 2? oF HrtA FMGHIOe teas ite. enotaoe: atts we 
ae 
2000 teAT .Tiaw yey warrh J ‘eb te ta ceiver 2448 34 Os DSP 
cy a .) « (Ty 
sur LL. I tHe SAT? 250 2° seas rts ep ape. 2002 ted ‘ 5 as iy 
\ = re 4 rS 


sotts .vipatmase= «(" QWR'4 Savonegs eat feet at ts 7 WA ew | 
7 fh Be _— 
of? to zutiarivem o4% best That ‘aknaa Sail meat 4 


. ae ttt 
7 a . 


povoctihnan batt Aetae | vi stadt oued etd ‘aw sti val bes oe 

anit smaz ait 36 OM6 sperrv03nt 9d, ad iow sid basi een. 

ned .swot 2'erpds soe siete 0.8) alpourte st 
bse me te 

70 -Giderenws antstaganey 

apyor it &f16x 0 ys ivioe eit oe 


if 


yig226.0F 26M tne ‘= i 


not to interfere. Thus Helen assumed the role of observer and later 


as that of a self-appointed recorder. 


IV. Reviewing the Solution. In response to the question, "How 
much pizza does each boy get?", the group reported, "One piece each" 
and then clarified the solution to mean "one piece out of one pizza." 
To enable the children to respond to the next question (e.g., "That's 
right. But also one piece out of. how many pieces?"), it seemed 
necessary that the work be monitored (e.g., "One, two, three") before 
answering "One piece out of three." Helen, the recorder, presented 
a complete report: 

[Busy spelling "piece."] One piece - P - I - E - C - E each. 

Okay, I'll tell you what I wrote. Okay, how much pizza does 

each boy get? I'll tell ya. I wrote - "Thev each get one piece 

out of three pizzas." And then for girls I wrote - "Each girl 
gets One piece out of three pizzas." 
From this report there arose debate, clarifiction of the answer, 


and agreement: 


Helen: There's three pizzas and each girl gets one from out 
of three pizzas. 


Annie: One pizza. 


Karla: Each girl gets one out of one pizza. Each girl gets one 
Out of one whole pizza. 


Helen: BUT there's three pizzas. 


Karla: One group of three gets one, one group of three gets 
One and one group of three gets the other one. 


Helen: Yeah, each girl gets one piece out of one pizza. 
No labels were available. 
The question "If each child gets a fair share, who gets more, 


each boy or each girl" was clarified individually as each child read 
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the question aloud and then the question was reread in response to 
Annie's directive (e.g., "Karla, read the question again very loud to 
everyone"). The answer of all (e.g., "They get the same amount") was 
justified through use of logical reason. 
Karla: Because there are three pizzas for the girls. One 
group of girls would get one - one group of three 
girls would get one pizza, one group of three would 
get the other and the other group of three would get 
the other. 
The process to solve Part A (the boys) was elaborated as 
referring to detail. 
Karla: The boys -- well, we split it in three pieces so one 
boy can have one slice, the other boy can have the 
other slice and the other boy can have the other 
slice. 
Apparently "slice" and "piece" have equivalent meaning. The group 


then made an attempt to explain how the problem had been solved: 


Karla: Because we counted the pizzas and we counted the things 
together. 


Helen: And we counted them all and see, they all get the same. 
The girls get as much pizza as the others. 


Summary: Language and Strategies Used in Solving Mathematical 


Problem Two. In summary, the specific steps taken to solve the mathe- 
matical problem and understanding achieved as revealed by the inter- 
action and language use were: 

1. The group recognized two problems existed within the task 
and that it was necessary to determine first how much pizza each boy 
gets, Part A (the boys), and then to determine how much pizza each 
Gir] gets ;..Part..Be (the. .g in] sy),. 


2. Part A (the boys): The group plan was to divide the pizza 


7 ; 1, = Oe 
‘ y i 
eS oa 
= i 2 : - 
2 r a 7 
: a. ’ = s tt, 


eww als | 


gs e2noaae% ae peony Ms ei 28 


Od buat yey aboeh notseaup ¢ sc 
zw {" Srmmoms ame. “a tog wont 


and ie: ond 40¥ sexstq 
ediine hee » GUCTD: 0, ey 


Sap "blued pee $4 qu De 


hatavodels 280 (2¥Re ‘ith % Suet avite oy 22s 3 14 90 


es 


sae is _ > a Beth oft 


snd G2 aaasla Sein? AY 34 4 
it ov6éd abo Yoo by at appr tase Sue. MED wt pie 
tte on! avad 1 od “vert: a2 fas sotfe ved3o 


Ole» sO 

vi i ul eanvee 

quove et =. Drheaer trefsvtups sve “pata” fas sotle Purser 
sbewlor maad bee woTdong ald wor utefaxe oF Jqmedts ne | 


sche odd hatauoo aw asvaogg, antag 
-vorisopod 


J 
4 
~ 
7 
7s 
ty 
{ 
t+ 
— 
4 
¥ 
~~ 
= 
— 
i 
i 
ie 
pay] 
+ 
Lae} 


wsc att gop (he ved? .aee bore 17s esis wabeatie oe bak 
* aeadie e ch BAESC ADum 24 Jee etvig ont 


i gd buy tee > Haod) Gop patie de 
fect iamerlish patyieg At) ied oat perei ke 2 oh SOURS 


| . oT ane fe 
_aitem eat avloz. of nokmRh Suede ararsede. ans wv ieemue ny -ouT go Ts 
/ - 


el = aa 
wit ve hea [neyo 25 Seve y Nok Of Tans 24SbAN bra thors {sat 

| : a ‘aM 
horysa ae) spsuenst DnB 


cm 
dost ant atddhiw bse PRE, anetdona owt basi apsosy quene § nT 


Te 


vod (389 exshq down wort bent: anhiriadab ad \1b22899N ann be £ 


hot 


tose ssxha dow wor aevfurah os nens aii layed oid) 4 ou 
sinitie ot) ss 8 ot 


a o> 


(gy 


axsiq afd abtvih of enw! lial 


«ae te 1 


76 


into three pieces. The solution was achieved as shown in Figure 4.6. 
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Figure 4.6 
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Partitioning Behaviors in Thirds 


Annie immediately partitioned in thirds. Her mother later 
confirmed a blackboard was used frequently at home while playing with 
an older brother but the child had not been taught at home to parti- 
tion in thirds. Karla struagled to determine the middle and then 
rotated three radii. Helen could not find the middle and sought the 
solution using analogy to a "T" then analogy to a "t". She never 
completed the task. 

3. Part B (the girls): The solution was obtained through use 
of the following procedures: (a) grouping and (b) partitioning in 
thirds to achieve one to one correspondence. The reasons stated for 
grouping made reference to detail (i.e., "There are nine girls and 
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and was explained (e.g., "One group of three girls would get one pizza, 
one group of three would get the other and the other group of three 
would get the other"). Partitioning in thirds apparently arose from 


the idea of three girls sharing one pizza. 


Pizza Problem Three 
The problem required that the children share two pizzas among three 
boys and eight pizzas among twelve girls. Strategies for solving the 


two-part problem (Parts A and B) will be discussed separately. 


I. Understanding the Problem—Part A (The Boys). To understand 
the problem, three procedures were initiated by the problem solvers. 
First, each child simultaneously read all questions aloud to the self. 
Secondly, all questions were read aloud to each other. Thirdly, 
reference was made to the detail of the picture (e.g., Karla: "Hmm. 


Cause since there's two pizzas and we have three boys --"). 


II. Planning the Solution—Part A (The Boys). A possible 


solution suggested (e.g., "Helen: "They each get three. They each 
get three pieces") was examined using partitioning and then rejected 
by the group. The proposal and activity enabled Annie to perceive 
the correct solution (e.g., "Oh! I see. Each boy gets two pieces") 
which in turn seemingly enabled Helen to clarify and restate her 
meaning as she monitored the partitioned diagram (e.g., "Yeah, that's 
what I meant. See? Qne-two, one-two for him; one-two for him; 
one-two for him"). Karla sought concurrence (e.g., "Do you agree 

on that") and the group expressed consensus (e.g., "Yeah"). It is 

of interest to note that Helen is able to recognize partitioning in 


thirds, justify the meaning of the solution but again is unable to 
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partition in thirds. Only Annie diagrammed the solution. Monitoring 
the spelling, Helen recorded the answer (e.g., "T-W-0") but was 
directed by Karla to use the digit (e.g., "Put the number"). Group 
effort made achievement of a solution possible. 


The group proceeded to plan the next solution, Part B (the girls). 


I. Understanding the Problem—Part B (The Girls): All monitored 


counting the detail of the problem, 12 girls. A relationship in the 
detail was recognized, concluded and reported (e.g., Annie: "So 
there's two pizzas for each group of girls"). The question was again 
reread aloud by Karla as if to clarify, then the number of girls was 
monitored in groups of three to the self. Karla then directed the 
group (e.g., “Everybody just stop and listen a minute"), and attempted 
to explain how the answer could be derived but she could not complete 
the explanation (e.g., "It says how much RPE does EACH girl get? 
We're supposed to count the girls and then count the amount of pizzas 
and then if there are eight girls, say, okay, so --"). The statement 
"We're supposed to count the girls" seemed the impetus to redirect 
Helen to the problem for she again counted the detail using her 
language to monitor the activity. Karlaaffirmed the count (e.qa., 
"There's 12 girls"), was responded to by questioning (e.g., "There 
is?") and again all monitored the activity as they individually 
recounted. The question, "There is?", seems to indicate that the 
conclusion "there's two pizzas for each group of girls" may have been 
based upon this relationship being perceived and used to successfully 


achieve the solution to Part A (the boys). 
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II. Planning the Solution: Part B (The Girls). To enable the 
group to plan the solution, three times Karla endeavored to elaborate 
and re-present her understanding. 


Language—Thinking Strategies 


Refers to detail, recognizes 


Language—Examples 


Karla: Twelve girls and there are 


only 1-2-3-4-5-6-7-8—and 
there are eight pizzas. 
Four plus four equals eight 


and reports a possible related 
mathematical fact, suggests a 
solution, seeks agreement. 


- each girls would get two 
pieces! Each girl would 
get one piece each! ‘ho 
agrees on that? 
Karla: Okay, there are eight pizzas Refers to detail, reports and 
and twelve girls. And four directs attention to a 
and four is eight. Four plus possible relevant additional 
four is eight. You guys, fact, moni torssaclivalty, 
four and four is eight. reflects upon the experience. 
There are 1-2-3-4 ... 8. 
This is a hardy! 
Karla: Four plus four is eight. Repeats the relevant additional 


Four plus four is eight, so fact. Concludes. 
]-2-3-4-5-6-7-8. There 

aren't enough pizzas. So 

that means we have to take 

away. 


Report of an alternate procedure by Annie (e.g., "I'm making 


them into groups. There are two pizzas for each group of three kids"), 
was extended using prediction and monitoring by Helen (e.g., "There 
will be 12 pieces left. [Begins to count.] 1-2-3; 4-5-6; 7-8-9; 
10-11-12; 13 -- Oh"), then confirmed by Annie (e.g., "Yeah, that's 


right.. [counted it"). 


III. Solving the Problem (Parts A and B). The solution was 


achieved in concert with the plan. The process was grouping followed 
by partitioning in thirds. Karla stated the solution (e.g., "Each girl 


gets one piece"), which was corrected by Helen who justified her 
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correction ("tlo, each girl gets two pieces. Yeah. lle figured it 


out") and the group expressed agreement. 


IV. Reviewing the Solution. The answer (e.g., "Two pieces") was 


recorded for each of the first two questions. Karla, by reading 
aloud, focused attention of the group upon the next question (e.g., 
"If each child gets a fair share of the pizza, who would get more, 
each boy or each girl?"), and the answer agreed upon (e.g., “Each of 
them get the same amount"). 


As follows, the process was revealed by the group in a series 


of reports. 
Strategies 
Language—Examples Language-Thinking Math-Thinking 
Annie: I made them into boxes. Reporting Grouping 
Helen: We made them into Reporting 
boxes and then we Explaining a process Grouping 
figured it out—then 
we figured out how 
much each girl got. 
Karetds iVourthad Sto? putjalt' Reporting Partitioning 
in the centre. Makes an analoay to 


label the process of 
partitioning in 


thirds 

Annie: I put the girls into Reporting to explain Grouping 
boxes and the pizzas a process Partitioning 
into boxes of two and 
then I cut the pizzas 
into pieces. 

Karla: She divided them in Reporting Specifies the 
three. Two pieces each. Concluding type of 


partitioning 
When specifically addressed to explain her procedure (e.g., "And 


how did you figure it out, Karla?"), a reprimand (e.g., Helen: "You 
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never drew it!") provoked the following response, including justifica- 
tion to maintain the self and an imagined though accurate explanation: 
Karla: I did it in my head! There are two here. There are 
only two pizzas and two -- well -- two pizzas and three 
girls so I divided them into pieces -- three -- pieces 
-- I had three pieces in each one. And then there are 
two in there and two in there and there wasn't enough 
left. So in one I had one more left and in the other 
I had one more left. So then I took them and I added 
them together and that made two so each girl got two. 
This one got two and this one got two and this one got 
one from there and one from there—that's two! 
The child clearly envisioned the solution though unable to demon- 


strate accurate partitioning in thirds. 


Summary: Language and Strategies Used to Solve Mathematical 


Problem Three, 

1. The group clarified the question, then analyzed the picture 
to determine the answer to the first question. 

2. The solution for the first question, Part A (the boys), was 
achieved by first partitioning in thirds then giving each boy "two 
pieces [2/3]" (see Figure 4.7). The process of distribution was 
explained by Karla as "two pieces for him, two pieces for him and 
this one and that one makes two pieces for him." 

3. The solution to the second question, Part B (the girls), was 
achieved by first, grouping; secondly, partitioning in thirds; and 
lastly, giving each girl "two pieces [2/3]"), as shown in Figure 4.7. 

4. It was concluded "each of them [each boy and each girl] get 


the same." 
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Partitioning in Thirds by Means of Grouping 
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Pizza Problem Four 
Given the task of sharing four pizzas among seven boys and two 


pizzas among four girls, the group employed the following strategies. 


I. Understanding the Problem. To obtain meaning ae made 
solution of the problem possible the group seem to have taken the 
following steps: 

1. An observation of the picture was reported (e.g., Helen: 
"There's more bovs than girls this time"). 

2. Simultaneously, each child read all questions aloud to the 
self and then the same questions were read to each other. 

3. By means of report and demonstration, an attempt was made by 
Karla to establish a procedure which would seemingly eliminate 
confusion for the group: 

This is what to do. I don't want to read all of them at 

the same time so I go like this. How much pizza does each 

boy get? [She covers up the other questions with paper. ] 

And then I move it down and I read the next one. Be quiet -- 

the thing is on. How much pizza does each bov get? 

4. The behavior required seems to be a synthesis, partly deter- 
mined by the procedure established in the previous problem solving 
Situations. And lastly, the attention of the group was directed to 


the first question (e.g., "Now the first one says, how much pizza does 


each boy get?"). 


II. Planning the Solution—-Part A (The Boys). Several plans 
to determine the solution were explored, reported and rejected as 


revealed in the following samples. 
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Language—Example 


Annie: 


Helen: 


Helen: 


Annie: 


Helen: 


Annie: 


Helen: 


Karla: 


Four pizzas and I made a 
dot in the middle, okay. 

So this one would belong to 
these guys and this one 
would belong to these -- 
These two would belong to 
these three. 


Well, there's three here and 
there's three here and 
there's one guy left, Karla, 
and he eats a lot. 


NO. NOs nOS-nO.. 1 wo “TON 
them, two for them, two for 
them. Each boy gets two. 
This boy gets a pizza and he 
will share with this guy, and 
this boy gets a pizza and he 
will share with this guy, and 
this boy gets a pizza and he 
will share with this guy, 


this boy gets a pizza and he 


doesn't have anybody to share 
with so what he will do is --? 


One-two-three. Qne-two-three 
four. That makes seven. 


Yeah, that's fair. 
If that's into four pieces? 


There's three pieces here 
and four pieces there. 
One's left and Mum can put 
that in the freezer. 


There's six men here - I've 

got a better idea. I have an 
idea. Okay. Since there are 
seven boys and there are only 
four pizzas, two boys can go 


Strategy Used 


(1) refers to detail and 
(2) reports a procedure 
(grouping) which reveals 
(3) an attempt to relate the 
two aspects of the detail in 
the problem, boys and pizza. 


reports a procedure which 
reveals attempts to group 

One aspect of detail inherent 
in the problem (boys). 
imaginative use of language 
seeming to imply all detail 
must be included. 


reports a procedure and 
analyzes a possible solution. 
rarses a’ Guest Ton" vo 

complete the answer 
partitioning one pizza: 
thirds, one pizza: quarters. 


monitors a possible solution. 
Reports achievement. 


recognizes other, expresses 
approval. 


raises question to focus 
attention. 


(1) reports alternate solution; 
(2) grouping and partitioning 
in quarters; (3) completes 
solution by imaginative pro- 
jection based upon real life 
experience. 


Suggests alternatives. 
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Helen: 


Karla: 


Annie: 


Karla: 


Annie: 


~ Helen: 


Karla: 


Annie: 


Karla: 


together. Two boys can go 
together and this one -- 


And then there will be one 
left over. 


Then these two boys can go 
together and these two can 
go together and this one can 
be left over, and then -- 
I've got it Annie! 


What are you going to do if 
there's pizza left over? 


All these four boys can share 
out of these two and these 
three boys can share out of 
these two. 


I think we should take these 
pizzas and make them into 
three. We can go -- 


We'll have two pizzas with 
four and two pizzas with 
three. Come here, I've got 
the answer. These guys can 
Share that four, these guys 
can share that four and these 
guys can share this four. 
That solves it. 


This boy gets one pizza and 
another boy gets half of a 
pizza and another boy gets? 


Wait, wait a minute. That 
doesn't sound fair to me. 
One boy gets a pizza and the 
other boy only gets a half a 
pizza. That does not sound 
fair. 


We put a half to this boy and 
a half to this boy and then we 
get this pizza and this boy 
can eat just one half and one 
half will be left over. 
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predicts 


predicting a possible 
solution based upon halving. 


raises a question to focus 
attention upon error. 
seemed to clarifv her own 
thinking and gains new 
insight. 


reports a possible solution 
which is based upon grouping 
and not recognizing all the 
detail. 


predicts a possible solution 
which serves as impetus for 
the activity. 


returns to prior solution. 
directs the group. - 
elaborates plan and concludes 
solution is appropriate. 


reports a solution which 
halves three of the pizzas, 
and leaves one whole pizza. 


directs the activity. States 
and justifies an opinion 
based upon logical reasoning. 
Reaffirms the opinion. 


reporting the consequences 
of a possible solution. 
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II. Planning the Solution—Part B (The Girls). To plan the 
solution the group looked at the picture and reported (e.g., Annie: 
"This is simple"), referred to past experience (e.g., Karla: "Yeah. 
Ye did this in the other one"), and justified the report with explana- 
tion (e-g?% Helen: "You just cut the two pizzas in half and these 
guys can have two [pieces] and these guys can have two [pieces]"). 

The justification indicates the process would be to group one pizza 


and two girls. 


III. Solving the Problem. No speech accompanied the activity 
to solve the problem. The solution to Part A (the boys) was achieved 
by partitioning in halves using a horizontal cut. This solution was 
later modified in the review. The solution to Part B (the girls) was 
immediately recognized and achieved by partitioning in halves using 


ae. horizontal = cuts 


IV. Reviewing the Solution. First, the solution to Part B (the 
girls) was reviewed seemingly because it was the first to be achieved 
and recognized to be correct. The answer was reported, clarified, and 
agreement sought (e.g., Karla: "A half a pizza. Each girl gets a 
half a pizza. A half of one pizza. Do you agree?"). The question, 
"Do you agree," provoked a discussion using logical reasoning to state 


a mathematical principle: "two pieces [two quarters]" is the "same as 


1/2"; as evidenced in the following examples: 
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Language—Examples Strategy Used 


Annie: There are four girls and - reports an alternate solution 
there are two pizzas and determined by grouping and 
we can split one pizza in partitioning in fourths. 


half and then the other and 
then that would be fair. 

I split the pizzas into 
four and I had two groups 
and each girl gets two 


pieces. 

Karla: But that's the same as this - reports and illustrates by 
Annie. When you split it in use Of diagram two pieces 
half it's still the same 1S 1/ 2: 


thing—you get two pieces 
and that's the same as one 
half. 

In reviewing the other half of the problem, Part B (the boys), 
the reported solution (e.g., Karla: "Each boy gets a half a pizza") 
was not accepted and agreed upon by the group (e.g., Annie: "A half, 
I think"). "I think" suggests tentativeness, an awareness that there 
may be a better solution. Justification for doubt and in effect to 
an effort to maintain the self was expressed (e.g., Annie: "I'm not 


the one who figured it out. Karla figured it out") and a realization 


stated by Annie (e.g., "Karla, we haven't figured out the boys yet"). 


The new solution (e.g., Helen: "Let's skip the boys out") was recog- 
nized and emphatically rejected (e.g., Annie: "No way!"). The 
response (e.g., Helen: "Okay, let's just read the next question") 
was acknowledged (e.g., Karla: "We can't do that, Helen, until we 


do the boys") and when the question was read despite the acknowledge- 
ment (e.g., Helen: "How did you figure this out?") the acknowledge- 
ment was expanded and explained (e.g., Karla: "That's what we are 
trying to find out"). 


Returning to the task of sharing four pizzas among seven boys, 
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the group againused the halving mechanism and the following alterna- 
tives were posed to solve the problem of what to do with the remaining 
half: 
"This boy can eat just 1/2 and 1/2 can be left over." 
"They can share it." 
+ S701 Bea bimeay a Cea Ate w utes 
"Split it in more pieces." 
"No, each take a bite outof it." 
The solution advanced from "left over" to sharing to halving 
to "pieces" to "bites." Nevertheless the group recognized that the 
girls' share of one-half was less than the boys' share of one half 
plus a bite: 
Helen: Yeah, each boy gets a half of the pizza and after they 
eat the half then they can each get a little bite of the 
other half. After they each have one half a pizza then 


they each get a little bite of the other half so the 
boys get it. The boys get more. 


Summary: Language and Strategies Used When Solving Mathematical 


Problem Four. 

1. When presented with the task, the problem was recognized as 
requiring two answers. 

2. By a process of trial and error, the solution was sought but 
not achieved to Part A (the boys). Upon a return to the task, the 
solution was achieved by use of the halving mechanism and sharing the 
“Vertcover halt. 

3. The solution to Part B (the girls) was immediately recognized 
and achieved by means of the halving mechanism, using a horizontal cut. 


One child partitioned in quarters but initiated the procedure using 
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the halving mechanism, horizontal cut. One half was recognized to 
be equivalent to two pieces, actually two quarters. 
4. It was recognized that the boys got more pizza than the 


Gayaiss 
SOLVING THE PIZZA PROBLEMS: GRADE THREE 


The problem solving strategies of an individual grade three child 
and a small group of grade three children will be specifically des- 
Cribed in that order in the following discussion. 


Problem Solving Strategies of the Individual 
Grade Three Child 


Unlike the grade two child, Davey was able to proceed to solve 
the problems quite independently. Little direction was given when 
presenting the tasks nor was direction sought by the child while 
solving the problems. Thus the researcher was enabled to refrain from 
interacting with the child other than to probe to gain insight 
regarding the knowledge the child brought to the task and the 


behaviors which were manifested. 


Pizza Problem One 
Given the task of sharing two pizzas between two boys and five 
pizzas among five girls, Davey evidenced the following specific 


strategies. 


I. Understanding the Problem. In contrast to the grade two 
Child, the grade three individual child ignored the questions and, 


referring to the picture immediately, suggested knowing the answer 
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(e.g., "I think I already know this") and proceeded to review the 


solution. Little or no planning seemed necessary. 


II. Solving the Problem. No oral language was used while solving 
the problem. Neither partitioning nor an attempt to achieve one to one 


correspondence was evidenced. 


III. Reviewing the Solution. In sequence each question was read 
and answered aloud by the child. The explanation to the question, "How 
did you figure this out?" indicates that unlike the grade two child, 
Davey found the solution easily and had recognized two questions were 
inherent in the provided illustration (e.g., "Easy cause there's two 
boys and there's five girls. There's five pizzas for the girls and 


there's two pizzas for the boys"). 


Pizza Problem Two 
The task of sharing one pizza among three boys and three pizzas 
among nine girls posed no difficulty for Davey who achieved solution 


using the following strategies. 


I. Understanding the Problem. Again, having read the problem, 


the problem solver ignored the questions and looking at the illustra- 
tion, he predicted a possible solution to Part A (the boys) (e.g., 
"Fach boy gets about a quarter, I'd say"). The child had planned the 
solution to Part A (the boys) while making sense of the problem. 

II -snSolwing thesProblem: Davey: proceeded to then solve the 
problem by accurately and quickly drawing to partition the circular 


area into thirds. Pointing to his solution, the researcher probed, 
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"Do you know a name for that?" which elicited an interesting response 
regarding the child's mathematical knowledge and ability to reason 
and logically derive a label. 

Researcher: Do you know a name for that? 


Davey: Three pieces. 
Um 1/4 and 1/2 or 1/4. Then I would have --? 


Researcher: When you tell me about 1/2, do you know how to 
write 1/2? 


Davey: Yup. A crooked line down. Then you put a 1 on the 
top and 2 on the bottom. 


Researcher: Can you show me? 
Davey: Like that [1/2]. One half. 


Researcher: That's right. Now you've got 1 out of 3 but what are 
you going to call it? Qne? Three? What? 


Davey: A third. Each boy gets one-third. 
Although Davey was not at first able to ae the name or illustrate 
how it might be written, he was able to write one-half, predict one- 
third would be written in like manner and then correctly label the 
partition one-third. 

To solve Part B (the girls), the child predicted success (e.g., 
"Oh, it's going to be easy"), monitored the activity, justified the 
behavior by stating the related detail of the problem and then 
explained and illustrated the solution (e.g., "Easy, cause see, cause 
there's three girls right there, three girls right there and three 
girls there and there's three pizzas so you can divide three like 


that -- one, two, three pieces ine 
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III. Reviewing the Problem and the Solution. The solution to 


each question was then reported to the researcher. 


Summary: Language and Strategies Used When Solving Mathematical 


‘Problem Two. 

1. The problem solver realized two questions were inherent in the 
problem. 

2. The solution to Part A (the boys) was recognized and achieved 
immediately though the label was not available but was later derived. 
The solution was to partition in thirds using radial strokes. 

3. The solution to Part B (the girls) was achieved by partitioning 


each of the three pizzas in thirds using radial strokes. 


Pizza Problem Three 
To solve the problem of sharing two pizzas among three boys and 
to share eight pizzas among twelve girls, Davey demonstrated the 


following specific strategies. 


I. Understanding the Problem. To understand the problem, the 


child referred only to that part of the picture concerning Part A 


(the boys) and the detail was monitored. 


II. Planning the Solution. The plan was then stated ("Divide 
that one into three, that one into three, then you'd give each boy 
two pieces"). To plan the solution for Part B (the girls), the 
child monitored the detail, analyzed the solution to Part A (e.g., 


"T put those upside down Y's") and predicted the procedure could be 
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Lil sinsolving thesProblems (Monitoring ythe esolutionsto <PRant iB 
(the girls) revealed Davey began by usina one to one correspondence 
and then recognized the solution would require assigning "two pieces" 
to each girl (e.g., "Two pieces each girl, those two, those two, 
those two"). The child concluded, "Each girl gets two pieces." To 
the probe, "Is there a name for that?", the child responded by 
reporting (e.g., "one-third. No. Two one-thirds are a sixth -- 
six"). As evidenced in the following dialogue, the use of an analogy 
made to apples by the researcher enabled the child to perceive the 
label to be two-thirds: 

Researcher: If I put one apple ‘Davey: Two apples. 


here and one apple 
here, what have I got? 


Researcher: So, if I put one-third Davey: Six thirds, no, 
here and one third here, . 
what have I got? two thirds. 


The ability to write two-thirds was subsequently demonstrated by 
Davey using an analogy to writing one-third (e.g., "So I put two on ° 
top instead of one, then you put a three on the bottom like this"). 
Approval was then sought by showing his work [1/3] and asking a 
question (e.g., “Like that, right?). Davey then encircled two pizzas 
and three girls to achieve groups prior to partitioning the circular 
areas. 

IV. Reviewing the Solution. The solution was reviewed by the 
child by reading and answering each question aloud in sequential 
order. The task was concluded to be easy and explained (e.g., "Easy, 
you just put two pizzas to three kids"). 


In response to the probe, "\IJhat did vou do?" the child reported 
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and explained that first Part A (the boys) was solved, the solution 
reflected upon, an analogy made to 'Y,' and the same procedure used 
to solve Part B (the girls). 

I gave them each 2/3's, and so then I went onto the girls and 

I started from the back end. Well first of all I started 

from the front and made all those upside down "Y's" and 

then I started from the back end and gave two to one girl, 

and two to the next, two to the next, next, next, next, next. 
The predicted solution to Part B (the girls) evidently was based upon 
the solution to Part A (the boys) rather than details inherent in the 
problem (e.g., "Well if it worked for the boys, it should have worked 


forthe giris”’). 


Summary: Language and Strategies Used to Solve Mathematical 


Problem Three. 

1. The child proceeded to first solve Part A (the boys) and to 
derive the label for the solution which was achieved by partitioning 
the circular areas in thirds using radial strokes. It was recoanized 
each boy would receive two thirds. 

2. Projecting the same strategy which had successfully solved 
Part A (the boys), the child determined the answer to Part B (the 
girls) but began by first grouping, that is, encircling two pizzas 


and three girls, then proceeded to partition the circular areas. 


Pizza Problem -Four 


To solve the problem of sharing four pizzas among seven boys and 


two pizzas among four girls, the following strategies were employed by 


the problem solver. 
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I. Understanding the Problem. Ignoring the question, the problem 
solver sought understanding by means of the pictures and assessed the 


problem to be easy (e.g., "This is easy"). 


II. Planning the Solution. To plan the solution, the problem 
solver first directed attention to Part A (the boys) as evidenced by 

the comment, “one more boy." A decision to first comolete Part B 

(the girls) was reported (e.g., "I'll start from the girls"). Seemingly, 
the problem solver planned to halve the pizzas but realized one more boy 


was required to successfully use the strategy of partitioning by 


halves. 


III. Solving the Problem. As indicated by the language used to 
monitor the activity Part B (the girls) posed no difficulty (e.g., 
"Each girl gets half a pizza so two girls get one, two girls get 
one"). Upon return to the first part of the task, the problem was 
recognized to be harder than first thought (e.g., "This is harder"). 
The detail of the problem eee monitored, reference made to the 
solution efor Part «cB (thecginis )jele. gae If thccut the ginlsheimthalf -- 
except the boys' doesn't work . . .") and the reasoning justified 
(e.g., "cause if you're cutting all in half -- Let's see, one, two, 
three -- get a whole pizza"). And again use of the halving mechanism 
was monitored and an alternative solution recognized (e.g., "two for 
that one, one big one for that guy. Now you slice off of each"). This 
alternate solution appears to have given rise to a new proposal based 
upon real life experience (e.g., "A half --, no -- then you could just 


put that pizza in a safe place"). The child then reflected upon a 
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differing and final solution also based upon real life experience: 

I've got an idea, then we'll cut this up into seven pieces, 

this half -- Let's see -- 1, 2, 3, 4, 5 -- this is hard. 

Pour lifes -—--1497. 0, 45.0. 6 LhOSer=dre pig. oO, 7 cnere 

I cut that one into a whole bunch pieces thinking so each 

boy would get one piece of it. Like that. 

Aware that the size of each piece in the shared half was small, 
the problem solver sought a label by use of logical reason (e.g., 
"Yup. You give each boy 1/2, 1/2 -- 1/4, a little bit smaller than 
that. I'd give each boy a little small piece of the piece that was 
Shared"). Further reflection was apparent and a new label expressed 


(e.g., "Mmmm, a 1/4 of a 1/4"), which was then refined and restated 


RenGicn lente aly 4eOunay 1/4") 


IV. Reviewing the Solution. ‘hen reviewing the solution, the 


Strategies used were reported and explained: 


I figured -- well I did the girls first, cause it was easy, 
each girl gets a half. Two girls, one pizza split in half 
there two pieces of pizza, two girls then it goes the same 
for the other side. Each boy gets half a pizza for this one 
half pizza, half pizza and he gets that half and he gets one 
of those and gets one of those and he gets one of those and 
he gets one of those, he gets one of those, he gets one of 
those, and he gets one of those. 


The label 1/2 of a 1/4 of a 1/4 was simplified (i.e., "one of those"). 
The process the child explained proved to be one to one correspondence 


followed by partitioning the remaining half in sevenths. 
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Summary: Language and Strategies Used l!hen Solving Mathematical 


Problem Four. 

1. The problem was recognized to require two solutions. 

2. The second solution, PanteB athesgiris), was’ sought first. 
The strategy used was to group two girls to one pizza then partition 
in half using a horizontal cut. 

3. The first solution, Part A (the boys), was determined by 
first grouping two boys to one pizza, secondly, partitioning in 
halves using a horizontal cut and thirdly partitioning the "left-over" 


half in seven equal parts as shown in Figure 4.8. 


TOO & 


Figure 4.8 


Partitioning to Achieve Four-Sevenths 


4. The child searched for a label and concluded that each boy 
received "one half of a quarter of a quarter," that is, one half plus 
One-sixteenth, and this amount was recognized to be more than one- 


hatte sO MILIOnslosrart 6. 


Pizza Problem Five 
The fifth problem required that the problem solver share six 
pizzas among four boys and nine pizzas among six girls. To achieve 


the solution, Davey demonstrated the following specific strategies. 
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I. Understanding the Problem. To understand the problem, 


reference was made to only that part of the picture which would be 
required to answer the first question, "How much pizza does each boy 


get?" Seemingly the questions were assumed. 


II. Planning the Solution. To plan the solution to Part A (the 
boys), detail was monitored, the problem assessed and the meaning, 
including the child's feelings, reported (e.g., "Number five -- one, 
two, three, let me see, four boys. This is simple for the boys"). 
Lastly, a recognized solution was reported (e.g., "Each boy gets a 
whole pizza and a half"). 

To plan the solution to Part B (the girls) attention was directed 
to the picture by raising a question (e.g., "Okay. Now what about the 
girls?"). Subsequent steps to plan the solution focused attention to 
detail (e.g., "How many pizzas? Nine"), redirected attention (e.g., 
"Let me see how many girls there is"), and monitored the detail (e.g., 
BOO aegat se Ol =" Odds. 05.4500 -—-.3o PlZZas.. Oh. On! There's 
2, 4, 6, 8, there's 9 pizza and 6 girls"). The feelings of the problem 
solver were reflected in the reported conclusion (e.g., "Now it would 


be easier if there were ten pizzas"). 


III. Solving the Problem. To answer the first question, the 
possible solution was monitored (e.g., "see -- that one goes to that 
One, that one goes to that one, cut in half. That one goes to that 
One, that one goes to that guy -- goes to that auy"). This monitoring 
reveals the solution was achieved by use of one to one correspondence 


followed by partitioning using the halving mechanism and then the 
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process repeated. Also, as evidenced by the activity, grouping had 


occurfedgatcees 


OOS00E 
A antk a 
To answer the second question, the problem solver stated his 
intent (e.g., "I'll give them each a whole pizza and a half"), 
monitored the problem solving process (e.g., "That's for her, her, her 
her, her, her, then -- quarters again. No that one in half; that one 
to her, that one to her, that --"), and in conclusion reflected upon 


the meaning of the experience (e.g., "Yup, just give each girl a whole 


and a half. That was easy"). 


IV. Reviewing the Problem and the Solution. The review of the 


solution by the child to himself occurred while solving the problem 
as each answer to questions | and 2 was determined and concluded. 

Again by reading and answering aloud each question in sequential 
order, Davey reviewed the solution to himself. 

A whole and a half. How much pizza does each girl aet? 

A whole and a half. How much pizza, no. If each child 

gets a fair share of the pizza who would get more pizza, 

each boy or each girl? All the same. Does each bov aet 

as much as each girl. Yes. How did you figure this out? 

Easy, I just gave one girl a whole and a half and each boy 

a whole and a half. 

Explanation of the procedure used justified judgement and activity. 
The explanation indicates that by use of logical reason the child had 


reflected upon the problem and drawn conclusions. However, the 
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explanation differed from the actual procedure employed; for example, 


Researcher: Why did you give each girl a whole and a half, 
what made you think to try that? 


Davey: Well, I found out that in my head. I didn't know 
how to split it up. But now I found out. There's 
two girls for that one, then I found out there's 
two pizzas left so I gave half to her and half to 
her, half to her, and half to her. Yeah. That's 
how I did it. 

Apparently, the child recognized two possible alternatives to solve 


the problem as shown in Figure 4.9. 


VONS A OVOTS: rerio i 
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Figure 4.9 


Alternative Solutions to Achieve One and One-Half 


Summary: Language and Strategies Used to Solve Mathematical 
Problem Five. 

1. The solution to Part A (the boys) was achieved first and 
labelled as one and one-half. 

2. The solution to Part B (the girls) was achieved by first 
projecting the solution to Part A (the boys) upon the second problem 


and then partitioning to achieve "one whole and a half" per girl. 


Pizza Problem Six 


The problem entailed sharing three pizzas among seven boys and 


One pizza among three girls. The specific strategies used by Davey to 


achieve the solution are subsequently discussed. 
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I. Understanding the Problem. Ignoring the questions, the 


problem solver immediately referred to the picture, first, the boys, 


then the girls and began to plan the solution. 


II. Planning the Solution. Immediate recognition of the solution 
to Part B (the girls) was apparent (e.g., "One thirds"). To plan the 
solution to Part A (the boys) the detail was first monitored as if to 
achieve thirds (e.g., "3, 23 3, 23; 3, 2 -- goes three pizzas") and two 
alternate solutions proposed (e.g., 2, 4, 6; 7. Half uh, no, I'll cut 
it in four halves -- like this") but the size of each of the "four 


halves" was recognized and reported as "quarters." 


III. Solving the Problem. The solution to Part B (the girls) 
was recognized and immediately determined by partitioning in thirds. 
The activity to solve Part B (the boys) was accompanied by monitoring 
as the child partitioned two pizzas in quarters and the remaining 
pizza in sixths (e.g., "Quarters. Give him one, him one, him one, him 
one, him one -- give him one of those and split these in half like that. 
That's for him"). Using language to monitor, the solution was con- 
firmed (e.g., "There. One piece. It's the same size. 3, 4, 5, 6 -- 


secs 4 oS 6 7a) 


IV. Reviewing the Problem and the Solution. When reviewing the 


solution with the researcher, again the solution was revised by 
monitoring as if to achieve thirds, and by raising a question: 


Because like you give 1/3 to him, one to him, one to him, 

one to him, one to him, that piece to him -- wouldn't have 

any. Who would get that whole pizza? 

1,Om CNow cr éeneedwi fe2ges, 14°) eS iG, eyaptédes andl pu2suas, 445 
Sey) Oy How much does each goy get? Each boy gets 
One third and a half a 1/4 of a 1/4. 
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The strategy used was the same as that used to determine the solution 
to Part A (the boys), Pizza Problem Four. The label "half a quarter 
of a quarter" to name 1/14 was the same label used to name the 


solution to Pizza Problem Four, Part A (the boys). 


Summary of Language and Strategies Used when Solving Mathematical 


Problem Six. 

1. The child understood two solutions would be required and 
sought to first determine the solution to Part B (the girls). 

2. Part B (the girls): The solution was determined by 
partitioning in thirds. 

3. Part A (the boys); Using alternate possible solutions, i.e., 
partitioning in thirds, halves, quarters combined with sixths, the problem 
solver reconsidered grouping three boys to one pizza to achieve par- 
titioning in thirds and then divide the remaining two thirds into 
seven pieces. 

4. The label "one third" was used to name the solution to 
question 2, Part B (the girls). The label "one third plus a half a 
quarter of a quarter" was used to name the solution to Part A (the k-oys). 

Part A (the boys): The answer "one third plus a quarter of a 
quarter" was recognized to be larger than "one third" but the name or 


label for the fraction was not yet known to the problem solver. 


Problem Solving Strategies of the 
Grade Three Group 


The relationship of the members in the group, like that of the 


grade two children, evidenced friendly equality and mutual support. No 
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one child emerged in a leadership role. Harmony pervaded throughout 
the problem solving activity but one child at first appeared to more 
in the role of observer than participant though her infrequent but 
pertinent Contry Sin nemrey ea | active involvement in the group's 


problem solving process. 


Pizza Problem One 
To share two pizzas among two bovs and five pizzas among five 
girls was the task required of the group and in so doing, the group 


demonstrated the following specific strategies. 


I. Understanding the Problem. To understand the problem, the 
group referred to and read aloud the first three questions, then 
immediately made reference to the picture, Part A (the boys). 
Further clarification to determine the exact procedure was sought by 
One group member by directing a question to the researcher (e.g., 


"Should -- I draw a pizza?"). 


II. Planning the Solution. By use of prediction, the plan was 


I 


initiated (e.g., "The boys probably get half a pizza") but the predic- 


tion was ignored. A solution was recognized (e.g., "I know a good way 


to do this") and demonstrated by drawing a ring to encircle one child 
and one pizza. An alternate method was suggested (e.qa., "Just draw a 
pizza") and agreement concluded by consultation with the researcher 
that drawing was not necessary as reference could be made to the 
picture. Attention of the group was directed to Part B (the girls) 
(e.g., "Now look at the girls"), the solution recognized and stated 


(e.g., "They each get their own pizza, too") and an explanation based 
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upon observation reported (e.g., "Cause they each get a pizza." 


"On their heads"). 


III. Solving the Problem. By encircling each pizza with one 
child, the solutions to Part A (the boys) and Part B (the girls) 


were achieved. 


IV. Reviewing the Problem and the Solution. To review the 


solution with the researcher, the children monitored the detail 

(e.g.% Jasonuah'’ Lhe2 orsni4s 55956507 ypiizzas '))mandereportedrthe 

solution (e.g., "One each"). This indicates that although the 

problem was planned and solved in two sequential steps, i.e., deter- 
mine how much pizza each boy gets then determine how much pizza each 
girl gets, the problem was perceived to be all inclusive, i.e., seven - 
pizzas to be shared by seven children. To answer the question, "How 
did you figure this out?" the procedure was clarified in three steps. 
First, an imaginative projection, likely based upon past experience, 
was reported (e.g., Trena: "Maybe they made it"). Secondly, reference 
was made to the picture (e.g., Marla: "Cause they each get a pizza." 
"On their heads. They each had their own"). Thirdly, the true 
procedure was reviewed in a svnthesized report based upon logical 
reasoning and providing direction for the group (e.g., Jason: "Ne 
looked at the picture. That's what we should write down. We looked 
at the boys and the girls and found out they both had a whole pizza"). 
Note, the detail was again viewed as one problem. Subsequent expres- 
sion reported the meaning of the solution was likely based upon past 


experience (e.g., Jason: "hat, some hogs! They're pigs!"). 
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Summary of Language and Strategies Used to Solve Mathematical 


Problem One. 

1. Reading the questions aloud, then clarifying the procedure, 
enabled the group to plan a solution. 

2. The problem was solved in two steps: first, the solution 
to Part A (the boys) was planned; secondly, the solution to Part B 
(the girls) was planned. 

3. The procedure was to encircle one pizza and one child. 

4. Though the problem was solved in two steps, the review 


indicates the problem was viewed in total rather than in two parts. 


Pizza Problem Two 
Sharing One pizza among three boys and sharing three pizzas 
among nine girls was the problem posed to the group which demon- 


strated the following strategies to achieve the solution. 


I. Understanding the Problem. Unlike the grade twos, immediate 
reference was made to the picture in order to understand the problem. 
The detail of the picture was mofidtoked (elat: Trena: "one pizza, 
three boys; three pizzas, nine girls") and the plan initiated to solve 
Part A (the boys). The detail was again monitored (e.g., Jason: 
epquest3et4qrseer6é, 79e8§99l) land thé. plansto:solveePart |Ba(thekgirls) 


initiated. 


II. Planning the Solution. The solution to Part A (the boys) 
was recognized and the strategy reported (e.g., Jason: "Yeah, I know 
how. Divide the pizza into three. A third"). The solution to 


Part B (the girls) was predicted using monitoring and reflecting upon 
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the event to draw a conclusion (e.g., Jason: "That goes to that 
three. That goes to that three. That goes to that three. So they 
all get three pieces"). By use of illustration the solution was 
elaborated, that is, by encircling one pizza and three children to 


seek agreement (e.g., Jason: '"See"). 


III. Solving the Problem. To solve Part A (the boys), one child, 
Jason, determined the solution as the others observed. He monitored his 
achievement (e.g., "Yeah, that's good enough") and made an analogy as 
he explained the process to the others (e.g., Jason: "It looks like 
a 'Y'"). The work was concluded by Jason reporting (e.g., "So they 
all get three pieces [sic]"). The demonstration of the partitioned 
circle and the analogy made to 'Y' assisted the other children to 
achieve the solution. 

To solve Part B (the girls), the group first encircled each pizza 
with three girls then partitioned each pizza in thirds always using 


hee aa, 


IV. Reviewing the Problem and the Solution. Although initiated 


by the researcher (e.g., "How much does each boy get"), the review was 
concluded by the group who read aloud and answered each question in 
sequential order. The solution (e.g., Jason: "They all get three 
pieces") was corrected in response to the researcher (e.g., "They 

all get three pieces?"). The correction (e.g., Jason: "I mean one 
piece") was justified using reference to the process (e.g., Jason: 
210U Gavide-a)]l the pizzas into,three pieces, sO 1b is a fai share. 


See!"). 
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The solution was reported again to be "one piece" then renamed, 
“one third." The question, "If each child gets a fair share of the 
pizza, who would get more pizza, each boy or each girl?" evoked the 


following brief discussion. 


Language Sample Language/Thinking Strategies 
Jason: None of them Reporting a conclusion based upon 


recognition of the word more. 


Jason: That was sort of easy. Reflecting upon the meaning of the 


experience. 
Jason: They each get the Monitoring writing the answer. 
Same amount. 
Marla: You could just put Directing the activity using a 
‘same' instead of synthesis of the meaning of the 
all those words. solution. 
Jason: Whatever. It think Justifying the activity by reflecting 
it stuns upon one's own feelings. 


In response to the question, "How did you figure this out?" 
an explanation of the procedure was reported (e.g., Jason: "We 


divided all the pizzas into three"). 


Summary of Language and Strategies Used to Solve Mathematical 


Problem Two. 

1. By referring to the picture, monitoring the detail aloud, 
and demonstrating the probable process the group was enabled to 
proceed to the solution. 

2. The problem was solved in two steps: first, the solution 
to Part A (the boys) was demonstrated and explained; secondly, 
the solution to Part B (the girls) which had emerged when planning 


Part A was achieved. 


107 


- - ng abe 
x8 { = LL = - 
oa 
ua am 
 dansnes matt” 


ead to ensria” ats? ® 800 
afi bstove “Siate ons! 10°" } 


at rpadsys2_ pritan HT ep sun bj. 


nodu bsesd Aol au fonos 6 5 pais: a etd too 
.37yom byow shit 70 ott tit ‘iL a s ¥ bY 2 
, ‘ lam ae | oH an) 


add Yo prtnsem oft noau a ass trae 2 w Dorit 
-soneiyninyy © 2 ee a hs 


tewens Sat oatttew ontaettoeh pu @ “sat 19b 1969 T 
7 ae noe oa 
Saat -@ a on , 
onreu ytivitas sit pridoexte Sug teat biyos wv 
one to patnssm oft Td zt eating oe bsetent “s 


nokiyTor DOW rib 
ontios fre we | ysiver os ant aoty i tewt Aves 3f ats 


pont los? fu 2° sng Neg 
rie 
ah. 


"Stuo atdd Swett? aoy Web Wo” wor one os 
aW" ‘noe6h ,.f.5) DSITogey caw ewhenenq ait at) nota 
. (tagrartd otni —s ont fs 


‘poieite bie spay 


{fs9r3 emontsm ¢ gy lod 


a 


.buols Thadeh sit pnttosinGe suitor end Of oT ; ' 


~ 


at befdens zow quowp SAv aeeoova afdadarg ait pntsertanon 
9 MOTOR: > at? , 93 fe 


a 
wotiulds sit ,tent? seqesz aed ‘pt bevloz 26w apfdorg aa 
»eTbnoode bent staxe bai boderta noma abu (exo ort) }) 


pataneig trary bepvoina: hed wat wae 


108 


3. The procedure was first to group one pizza and three children, 


then to partition. 


Pizza Problem Three 
The problem of sharing two pizzas between three boys and eight 
pizzas among twelve girls was solved by the grade three group using 


the following specific strategies. 


I. Understanding the Problem. Immediate reference was made to 
the picture, Part A (the boys), and the solution reported (e.g., Jason: 
"I know how we do this one. We divide it in half [sic]"). The 
detail of Part oF (the girls) was monitored (e.g., Jason: "1,2, 3, 4, 
ORE OMe) Oeil se lica linet s 250 4005 Os 7 sO. ) manGnaesoluL ion 


reported (e.g., Jason: “Divide it in fourths. Quarters"). 


II. Planning the Solution. The possible solutions proposed while 
endeavoring to understand the problem were sought by the initiator, 


Jason, but ignored by the other children, one of whom partitioned the 


circular areas in thirds to solve Part A (the boys) and then reported 
the solution to the group (e.g., Marla: "Look. Divide it in three. 
They each get two"). As the discussion developed to determine the 
solution to Part B (the girls), it appears evident that children are 


able to use their own knowledge and language to order their experience. 


Language Sample Language Thinking Strategy 
Jason: Look it. I can make a Collaborating and showing work. 
capital Y. There's three Makes analogy to explain pro- 
Girls? that don tet a cedure. Concludes an incorrect 


pizza. conclusion. 
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Researcher: Can you look at it Probe by researcher. 
another way? 


Marla: Girls are very hungry Projecting a reason based upon 
you know. real life experience to dis- 
regard partitioning in thirds. 


Jason: Yeah, there's six Refers to solution Part A (the 
pieces. She was right boys). Acknowledges another 
about the boys. I wasn't child's work as correct. Admits 
right. You should divide Own error. Predicts a new 
them into fourths. Wait. solution. Affirms detail and 
There's. 12 kids. 2, 4, 6, monitors an alternate solution. 
Se lOSeheh by kod. elo? Questions the possible solution. 

Marla: We don't need 16 pieces. Evaluates the solution. Con- 

Cut eh. Dig On eb ealic 421.4% firms the evaluation. Predicts 
Wait. We don't need that the previous solution. Monitors 


many pieces. So we divide’ the activity. Raises a question. 
that sin hatfs. tiry that! 

Zero Osa li25, 14- and 

16. Whew. Divide it in 


what? 
Trenaz, -Three’s.. 18. Having attended the dialogue, 
responds to question and justifies 
response. 


III. Solving the Problem. An imaginative situation based on 
real life experience accompanied the activity of partitioning in 
thirds (e.g., Jason: "Isn't this fun chopping up pizzas? They're 
making me hungry for a pizza. Doesn't it make you hungry?"). 
Collaboration to approve the solution was sought by showing the work 
and raising a question (e.g., Marla: "Do you think this is right?"). 
Before giving approval, the work was monitored (e.g., Jason: "Il, 2, 
Sy etns5 068 Ais .9,. 10,0 115 .12.. 13. 14, 15, VOomahAveke. 919,20, 621, 
forid3, 245 olacas.3. 4, 5,6, 7, 83. Mel Oncldhe L24)4andga conclusion, 
based upon apparent recognition of the mathematical fact two twelves 


are 24, stated (e.g., Jason: "Yup, they each get two pieces"). 


: he | _ or Ve as" Ve 
MWe eye ae aN 


‘noqu bend noeser 6 ane ce i 
-2tbh oF gonetyeqxs ants cob. 
,ebutds at arnolsierey t 


ot) A ovs9 notiutor. o2 eis | 
yadions eopbslwortsA .{eyed 
2timbA .d2a7109. 26 ray a'bttda. 
wan 6 @tarbs +4 70778 AWG. 

ona ffeteb 2arnittA Sh de 
nottufoe stanvedis ns 2vottrom 
nottuloz sfdtzeoq sft enotseaup 


~109  fotiufoe aff ee a 
atofbeyd. .noftewieve any at 
syortTnoM .noftulo2e 2uorvesd sad 
notiesup 6 esate  xtivisos eng 


his: ar. | | oF 3 debs hive 
at dt abtvid worl 


. supe farboent habwetse partys St, 
cottiteutl ba6 nOrteaup od eoneng ae . = | 
«Beh ven p ripe nye 


no baaed noTesusia svi aaraemy, Ae 4 nai des, wat 
ny ontnota tried to € tBs TADS Th bei oaghonss sovoinegxs 
\ a 
ey'vwehT Tesssiq Ge gergqerts Au atid 3‘net" snoeet a aH . 
; ; aa 
("cwipnud uoy ata tt t'nesol .eRerg B 16?) 1B vi, 2 pi 


a | 


jvow arid pniwore vd Ifowoe 2ew weigulos eels average on or ss VOR: 
7 


‘pate 


a xs 


A"Sddpta 2b 2hdd ere + yoy oo" ter, rade 3} roiseaug & 
J" <eesh ..8.o) Ber yiom coy AoW on?  feyorags. B ivi 
$ 05 et Bf ST stl at MM, ff St ff ,Of ,2 +821, 
enotaplonos 6 bab ("ST 4 iT Of rz eB kB. ® ab tai 
covlawt owt ‘tat oo amin er geen tran 


"a9zatq ows top Wasa Wane | — mozal 8 tS 
an | 


— 


Attending the monitoring and dialogue though in the role of observer, 


confirmation and agreement were expressed by the third child ("Yup"). 


IV. Reviewing the Problem and the Solution. The reported 


solution: to the first. question (e.g., Jason: ~"Two. pieces. So it’s 
equal. Half and half"), was clarified by Marla to mean "they all get 
the same amount" and the use of the word "they" made more precise by 
Trena (e.g., "each boy and each girl"). To explain the procedure 

one child, Jason, stated "It's all in the adding" which seemingly 
prompted a second child, Marla, to read aloud the question, "How did 
you figure this out?" then report an elaborated explanation of the 
previous comment (e.g., "I divided the 24 pieces of pizza into the 

12 girls. It was easy. In adding. Twenty four pieces into 12 girls. 
It's all in adding"). Though the term 'divided' is used and two times 
reference is made to the process of division (e.g., "24 pieces into 12 
girls"), Marla concluded "It's all in adding." The researcher's 
probe, "How?" was acknowledged by Jason (e.g., "By chopping it up in 
thirds"), and confirmed by agreement (e.g., Marla: "Yeah, thirds"). 

A discussion which enabled the children to clarify the solution and 
agree upon a label arose in response to the researcher's probe, "How 


much did you say they got?". 


Language Sample Language/Thinking Strategy 
Trena: One third. An answer reported. 
Marla: Two pieces. The answer clarified. 


Jason: Boy, no, yeah! 
Pasion. 
Marla: Two thirds. 
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Jason: Yeah. A piece is a Restating a fact. 
Chiwd. : 


Trena/ So another piece is Synthesis. 
Marla: two thirds. 


The brief excerpt of the discussion reveals the students used 
their language to inform, to clarify, to reason, to justify the 
reasoning, and to synthesize the content. The contribution of 
content by each child adds to the understanding of the mathematical 
concept. Use of the various strategies enabled the children to 


construct meaning from the content. 


Summary: Language and Strategies Used to Solve Mathematical 


Problem Three. 

1. The problem was recognized to have two parts. 

2. The solution to Part A (the boys), ae, two thirds, was 
first determined. The solution to Part B (the girls) was then deter- 
mined, i.e., two thirds. 


3. The label, two thirds, was derived. 


Pizza Problem Four 
The strategies demonstrated by the group to solve the problem of 
sharing four pizzas among seven boys and two pizzas among four girls 


are presented in the following discussion. 


I. Understanding the Problem. Seemingly the questions were 


assumed as immediate reference to the picture was made by all members 
of the group and the detail monitored by all (e.g., "1, 2, 3, 4, 5, 


6, 7 boys and 4 girls") prior to Jason predicting a possible solution 
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(e.g., "We divide it in thirds again. No halves"). Marla's one 
utterance (e.g., "Why?"), was used to seek clarification and in 
response Jason modified and justified the solution using monitoring 
to explain that the procedure would be appropriate to solve Part B 
(the girls) t{etguit?Forvthesgirls we divide itednshadt. til’, a2gceguae 
1, 2, 3, 4. So --"). The group then endeavored to apply the same 


understanding to solve Part A (the boys). 


II. Planning the Solution. The solution to Part B (the girls) 


had evolved as the children tried to bring order to the experience. 
The solution to Part A (the boys) was determined in dialogue as various 


plans were proposed and rejected as evidenced in the subsequent 


discussion. 
Language Sample Language/Thinking Strategy 
Marla: One boy doesn't -- one Reports a conclusion based upon 


boy gets a whole pizza use of the halving mechanism. 
and ends up with -- 


Trena: There's one piece left. Reorganizes the previous informa- 

tron% 

Researcher: What else could you Raises a question the intent being 
do? to seek an alternate way. 

Marla: No! Divide it up in Reports two recognized alternative 
thirds or quarters. plans based upon previous 

experience. 

Trena: If you divide it in half, Elaborates the detail inherent in 
then you get one more use of the halving mechanism. 
piece so that equals 
eight. 

Jason: 3+ 15425430 s49Usstoon/ eres Monitors the detail of the total 
9, 10, hiewnes “Seven problem, Part A and Part B. 


people. Corrects the monitoring. 
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Trena: Seven people but -- yeah, 
iistt yourgots 14. lf <you 
have 14 each person—each 
boy would get two pieces. 
Seven plus seven equals 
fourteen. 

Jason:.: Divide it in quarters. 

Oh that will give you 
loads more than 14. 

Maria: Watch. Quarters. I;ve 
tried it and it doesn't 
work. 

Jason: You sure? -- divided by 
seven. No. 

Trena: And gives us one half 
left over. 

Jason: Throw it in the garbage. 

Researcher: Does your Mum do 
that? 

Trena: Cut it into seven little 
pieces. 

Jason: It wouldn't be fair. 

Martal@Okays 839649 59°+6,°75 

Jason: Hey, that would work. 

Trena: Yeah. 


TAS 


Predicts an alternate goal and 
justifies the reasoning using 
a mathematical fact. 


Reports a procedure to achieve the 
goal. Recognizes the procedure is 
not appropriate. 

Demonstrates partitioning in 
quarters. Concludes the solution 
should not be used. 

Questions and confirms conclusion. 
Synthesizes and justifies the 
conclusion. 


Suggests alternate solution based 
upon real life experience. 


Recognizes and reports a more 
appropriate alternate solution 
based upon real life experience. 


Evaluates alternate solution and 
reports conclusion. 


Monitors the activity. 


Recognizes solution. 


Agrees the solution "works." 


Although the language of learning seems disorganized on first 


impression, examination of the strategies show that the language was 


used to report, predict, re-organize, monitor, accompany demonstration; 


that is, explain, question procedure, synthesize and concur. 


These 


strategies enabled the children to construct order to the content. 
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Each child's content adds to the understanding of the proposed 
solution. The success of the move to order the bits of information 
into a meaningful content is evident when Marla demonstrates the 
suggested solution and the group agrees that the solution is feasible. 
As the solution was planned, the thoughts of the group had been given 


a more precise shape. 


III. Solving the Problem. To solve the problem Part B (the girls), 
the group first partitioned the circular shapes in halves using hori- 
zontal cuts. This same procedure, use of the halving mechanism, 
initiated the solution to Part A (the boys). The second step was to 
then partition the last half in "sevenths" using radial spokes. It 
is interesting to note partitioning in sevenths did not begin with a 
vertical radius, i.e., quarters, but was determined by use of six | 
radii. The problem solving procedure was monitored as the remaining 


half was partitioned and each slice numbered. 


IV. Reviewing the Problem and the Solution. The solution to 


"How much pizza does each boy get?" was simultaneously reported by 


all (e.g., "Two pieces"), then revised (e.g., Jason: "No. One. No, 
one and one seventh -- and -- one half and a seventh") and a reflection 
upon the meaning of the solution reported (e.g., Jason: "And that 


wouldn't be fair because the girl isn't getting a seventh"). The 
solution to Part A (the boys) was again revised by Marla (e.g., "A 
half and a teensy bit. A half and a teensy bit") and the "teensy 

bit" labelled "a seventh" by Jason. Again, the meaning of the solution 


was reflected upon by Jason (e.g., "That wouldn't be fair to the 
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girls"). Nevertheless, the children acknowledged, "the boys get more 
because he [sic] gets a half and a seventh and they [the girls] only 
get half." To explain "How did you figure this out?" only the 
procedure to solve Part A (the boys) was reported (e.g., "Ne divided 
One pizza in half and a seventh") and subsequent language monitored 
the written response to answer the question, "How did you figure this 


Out?” 


Summary: Language and Strategies Used to Solve Mathematica | 


Problem Four. 

1. The group referred directly to the picture and after some 
confusion due to looking at the entire problem, the solution to 
Part B (the girls) was recognized and reported to the group. Then 
the solution to Part B (the girls) was achieved by partitioning in 
halves using horizontal cuts. 

2. A series of partitioning strategies, predicted as possible 


solutions based upon stated mathematical facts (e.g., 7 + 7 = 14) 


and discussion of the facts initiated the use of the halving mechanism 


and progressing through partitioning by thirds, quarters, then 


combining thirds to achieve two-thirds. As each strategy was 


discussed, attempted and rejected, the group again resorted to use of 
the halving mechanism. Seemingly, the group had endeavored to 
initially use partitioning by halves to solve Part A (the boys) 
because this solution had "worked" to solve Part B (the girls) and 
the overriding thought was to be fair to all rather than to achieve 


fairness within each of the two sub-problems. 
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3. The final solutions involved partitioning in halves to solve 
Part B (the girls) and then by first partitioning in halves followed 
by partitioning one half in sevenths to achieve the solution to 
Part A (the boys). The seven shares were then numbered as indicated 


in the following figure. 


Figure 4.10 


Partitioning Four Sevenths 


SOLVING THE PIZZA PROBLEMS: GRADE FOUR 


The problem solving strategies of an individual grade four 
child and a small group of grade four children will be specifically 
described in the following discussion. 

Problem Solving Strategies of the Individual 
Grade Four Child 

Unlike either of the individual grade two and three children, 

the individual grade four child initially and throughout the 


problem solving process manifested much frustration, sighing and 


tears. Thus the researcher was prompted to clarify and direct the 
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child's thinking by means of questioning in order that the child 
be enabled to achieve some success. Therefore the child in this 


part of the study is very dependent. 


Pizza Problem One 
When presented with the task of sharing two pizzas between 
two boys and five pizzas among five girls, the following strategies 


were demonstrated by the child. 


I. Understanding the Problem. To understand the problem, 


One child silently read the questions, referred to the picture and 
reported (e.g., "I don't know how to do this"). The apparent lack 
of understanding and endeavor to further pursue the problem prompted 
the researcher to assist the child to make some meaning of the 


problem and ultimately to plan the solution. 


II, Planning the Solution. The first question was read 
aloud to the child by the es care and the activity directed 
by questioning (e.g.,; "Can you tell by looking?"). The response, 
tears, evoked further questions (e.g., "How many boys are there?" 
"How many pizzas do they share?" So how much is that each?"). 
The answers reported in sequential order were "two," "two," and 
"about eight pieces each." This seems to indicate that possible 
confusion arose from past experience, i.e., whole pizzas are cut 
in about eight pieces. Reference was made to the picture, directing 


the activity (e.g., "But if you just look at the picture"), the 
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detail in the problem stated (e.g., "If there's two boys and two 
pizzas"), and the question rephrased ("How much pizza does each 

boy get?") and the elicited response was "just one pizza." To 
assure the child of her capability and to satisfy the curiosity 

of the researcher, that is, will the answer be about four pieces 

or one-half, an aside, posing a new problem, was introduced (e.g., 
"Supposing there was only one pizza there, how much pizza would 

each boy get?") and the reported response was "one-half." Returning 
to the original problem (e.g., "Okay. You're good at this. Now, 
where it says, ‘How much pizza does each boy get?' did you decide?"). 
The answer reported was "eight pieces -- or One whole pizza" and 

the process desired to answer the question clarified (e.g., 

"printing or writing"), The solution to question two, "How much 
pizza does each girl get?" was derived quickly and confidently 

using reference to the picture and with no support from the researcher 
and the reasoning explained (e.g., "Because there's five pizzas and 


five-girris'). 


IV. Reviewing the Problem and the Solution. In response to 


the question, "Who would get more, each boy or each girl?", the 
child maintained that each girl got more, despite the review and 
the reported solutions remaining unchanged, that is, "each boy 
gets one whole pizza" and "each girl gets one whole pizza." She 
explained this conclusion was arrived at "by looking at like how 


many girls and how you can divide them." 


att 


ond brs eyed ‘wid’ 
ioe 2obb nie oie 


oT elie pane 0 Sau 2 


ps) beaubontat 26M emstong a ao oi thes 
bTwow ekstq doum wor ave sng sie 
patiiten ".tfed-eno” 2ew senunesy baaroqen basa | 
wow setts te boop ev*poy et eee met a fe itor 
.(Sebptoab voy bth ‘Stop yod nose soot asthe au wait! 
alow ano YO == 2sserg Sighe” enw bety 
usher sft aotsasuy oy wowed OF pevteed 2 
own wo" dwt aabteeyp o¢ dotsuine aa A phistow nt: 
vitasbl too drs ybloton boy Peb Bw “Stay pide 


Pere 


e 


7 


pe 


¥ 
| ‘oe 


variz169297 afd mort Itoqgue OF AST pas awtohg ong bel i 
| , 
ae 


ae ye 7 
altel 


> By 


nf 
bis essstq svi? 2*avens eau me” . 8-8) bent stqxe grt 


2 


‘ 
Paiyt. 


io) oe 


ot aenogesy 4] .nohsule? std bra meidors ats oniwatven 
State dass wo yo fase skte fap bluow of" 4p ne 
watvay ori? so idesb BTR aoe Pee nose yens" tant ani it 

vod dose” ,2t fede. bepnmioa antit sme enotreloe bose 
al? "“lsxxtq elodw ano areg tty tous" bre. nessa Tod ty 
word allt te priagofoyd Be vovtires: ae not ewf: os HG 


seat inettinee ade 


= 
oy 
Tee 


— 
; 


+ 


Pizza Problem Two 
To achieve the solution to share one pizza among three boys and 
three pizzas among nine girls, the problem solver used the following 


specific strategies. 


I. Understanding the Problem. No reference was made to the 


questions as the child immediately referred to the picture, Part A 
(the boys), and reported a possible solution (e.g., “Just divide it 
into three and each boy will get one piece"). Reference was then 
made to the picture, Part B (the girls), and a possible solution 


reported (e.g., "You need to put 24 pieces on these three pizzas"). 


II. Planning the Solution. Part A (the boys): The plan 


evolved as the child sought to understand the problem but her 
unsuccessful attempts to partition in fecha and the REDO Ge ican ts 
prompted the researcher to suggest practice on a larger circular area 
might benefit (e.g., "Would you like to practise on a larger pizza?"). 
The suggestion was acknowledged (e.g., "Uh huh"), and the child was 
able to successfully partition in thirds a circle two inches in 
diameter. The procedure was later transferred to the smaller circular 
areas when solving the problem. 

Part B (the girls): The predicted solution to put "24 pieces on 
these three pizzas" was revised, likely due to the small size of the 
circular areas (e.g., "Except I really can't do that. That's not 
right. Oh, I know how to do it. You just put eight pieces on each 
pizza"). By raising a question (e.g., "Why would you get eight?"), 


the child was encouraged to explain her thinking (e.g., "Cause 3 x 3 
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is -- cause there's eight"), correct the detail (e.g., "No, there's 
nine girls"), state a conclusion (e.g., "That won't work") and predict 
a new possible solution (e.g., "Maybe I'll have to divide it into 


La, 


III. Solving the Problem. Part A (the boys): Having partitioned 
a larger area in thirds, the procedure was successfully transferred 
to the smaller area but the process was predicted to be harder (e.g., 
sr obi-try. This)is:dOing to ‘be harder”). Thesuse-of* the phrase, 
"T'll try" indicates uncertainty regarding one's own capability. 

Part B (the girls): The child sought to partition the first 
pizza in ninths initiating the procedure by using the halving 
mechanism. This procedure was recognized to be inappropriate (e.g., 
"No, I've got 10 --") giving rise to a new procedure (e.g., "Make 
the pieces bigger"), while the process was monitored aloud (e.g., "I 
think I just did it. I've just got to put this one in the middle. 
There"). The difficulty of using such a procedure, i.e., partitioning 
in 10, erasing and juggling nine radii, provoked the researcher to 
further question the child, hoping to clarify the thinking (e.g., 
"Okay, if you're making nine, what might be a good place to start? 
What might you do first?"). The response (e.g., "Hmm. Oh yeah! 
Three's") indicates reflection upon the meaning of the experience to 
glean new insight but not to perceive the solution as a total of nine 
pieces. By first partitioning in thirds, then by adding further 


radii to achieve ninths, i.e., 27 pieces, the solution was determined. 
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IV. Reviewing the Problem and the Solution. The process used to 
review the solution was one of question and report. The solution 
to the question, "How much pizza does each boy get?" was reported as 
“one piece." In response to the probe to determine possible knowledge 
of a label (e.g., "There's a name for that. Do you know the name of 
that piece?"), the child stated, "one quarter." Subsequent review 
of the solution and recognition that each boy gets "one piece out of 
three" evoked the probe, "Do you know a name for one out of three?" 
and the response (e.g., "I don't think -- I learned it before but I 
think I forgot"). Apparently the child realized "one out of three" 
was not "a quarter" but lacked a label to identify her answer. 
Nevertheless the solution was correct. 

The solution to the question, "How much pizza does each girl 
get?" was reported as "one piece each of nine pieces" and as "three 
pieces out of 27"). By raising a question, the child sought further 
clarification (e.g., "How do I do this bottom one, the one about how 
did you figure this out"). The response of the researcher (e.g., 
"How did you figure it out?") provoked explanation based upon logical 
reasoning to justify the procedure: 

I just counted the boys and the pizza and I figure that would 

be three pieces for the boys but I had to use multiplication 

to do the girls. Well I had to go like 3 x 9 girls and 

that's 27 so I knew I had to have 27 pieces. 

Reflecting upon the question posed by the researcher (e.g., "Could 
you have done it another way, without multiplying?"), an alternative 
solution was recognized and reported (e.g., "Three pieces on each 
pizza"). The solution "Three pieces each" was reported and in 


response to the question, "Supposing you had divided the other way 
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that you told me about, then how much pizza would each girl get?", the 
solution was restated and revised (e.g., "One piece each," "one piece 
out of nine," "nine pieces in all the pizzas together," "there would 
be three pieces in each pizza," "one out of nine? Well, one out of 
three"). This procedure enabled the child to perceive and conclude 
that each boy and each girl would get "the same," and report an 
explanation which justified the conclusion (e.g., "because I divided 


them the same way"). 


Summary: Language and Strategies Used to Solve Mathematical 


Problem Two. 

1. The child reported the solution to Part A (the boys) would 
be to divide the pizza into three but no label was available and 
considerable difficulty was experienced when trying to accomplish the 
activity, that is, partitioning in thirds. 

2. The final solution to Part B (the girls) was based upon the 
child's knowledge of the mathematical facts, 3 x 3 = 9 and 3 x 9 = 27. 
The solution was reported as one piece out of nine (per pizza) and 
as three pieces out of twenty-seven. The child was able to report a 
second possible solution, that is, to partition each circular area in 
thirds but again no label was available. 

3. The child was able to deduce from the second possible solution 
to Part B ae girls) that, in fact, each boy and each girl had 
received the same amount though the conclusion was based upon the 


reason, "I divided them the same way" which was in fact not so. 
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Pizza Problem Three 
The child demonstrated the following specific strategies while 
endeavoring to share two pizzas among three boys and eight pizzas 


among twelve girls. 


I. Understanding the Problem. Ignoring the questions, under- 


standing was sought through reference to the picture, Part A (the 
boys). As no understanding was apparent, the researcher sought to 
clarify the child's thinking by means of questioning (e.g., "What 
would you do if there was only one pizza there?"), which evoked the 
response "I would divide it into three pieces." The probe, "So then 
you get another pizza?" seemingly ordered the child's thinking enabling 
recognition of the solution (e.g., "Six pieces. You just put six 
pieces, well you just put two pieces, like three pieces in each of 
these"). 

Reference was again made to the picture, Part B (the girls), and 
the detais montcored .e.G.,-  Mnere 15.1, 2; 35.4, 55.0.0 5 Osos. dO. 
ie Ze h Ss ondethereeiSilisac. nod >, O5.1/-5-20 DIZzZaS ae Rats InG 
a question (e.g., "Now what?") seemed to spur the child to devise a 


plan. 


II. Planning the Solution. Part A (the boys): Understanding 
that it was possible to achieve "six pieces" enabled the child to plan 
the solution (e.g., "And then vou give each boy two"). 

Part B (the girls): Using language to monitor the detail in 
conjunction with use of timetable facts to determine a possible 


solution (e.g., "2 -- 16. That's not enough. [Inaudible self-talk.] 


123 


esr 


»attiw soi peteind pres hate 


aesstg wah bra Socata eer 


rab -enohtzaup ait entree! pe? in oA 
ait we “r a x ‘ 
ond). A ye8 ‘ewizie ‘rit at « yay ots 
ier isi ps 


oie 
1 SAguOe VomoTEs207 St peer oe beam ia 
sod!’ ..p.8) patnotteeup te: arieett xa panera? ee 
ort batove dotdw .( "totes esska aie vine. go ovsdt the 
= “~ a 


nett o2” ,sdow et? “vescetq esq ofat iH rere bf : 


ont fdene ontiatds 2’ bitda ont bayebrs inabnnt Negssiq 79 ue 
yte deg teub. wey .290a7q “Fe” . .a) aptouiee art? to norsin 
to do8o nt 2oysiq Sat oStT ~asoeto owt toq- euk aiey aad: 
( rl \e 
[ate sdt) B 318) eeuialg ont — mtspe ins ata 
é ? c os a Pe “* .t ea i: 3 padtt™ esBe 8) terastnon iit os 
pataish .("2esstg Beh ai tah eb ie® 20 wtoteds marae 
iA an A 
5 sztyab of bifida ofy swag ao temneee ("itere wo" »-2,8) nota c 
ae 
} ? g i 
a a 
enthnstewabal :leyod shy) A de8 moktoto? and ani nas pe 
asfq ot blido edt beldsns “eedatg xfe” sveinios of stdteeoq 2s 


{ows YO doe svte Hi ood be ay a | 

ni [hsteb odt votinom oF spsubnat gl ei 
gldtz 2204 6 antanedeb ot ato § fed 
{.Afst-tlee efdibusal) .gyone don 2 ies 


124 


I figured it out that they get two pieces each"), seemingly provided 
a problem solving model as evidenced in the explanation (e.g., "Like 
I counted. I went 2 x 8 is 16 but that wasn't enough, and then I 


counted 3 x 8 is 24 so then they get two pieces each"). 


II. Solving the Problem. The solutions were achieved by 


partitioning all pizzas in thirds. 


IV. Reviewing the Problem and the Solution. In the review of 


the problem, it was reported that "each boy gets two pieces each" and 


each girl would get the same amount, that is, two pieces. 


Pizza Problem Four 
The task of sharing four pizzas among seven bovs and two pizzas 
among four girls seemed to require the child to undertake the following 


specific strategies. 


I. Understanding the Problem. Immediate reference was made to 
the picture, an observation reported (e.g., "Hmm. There's more boys 
than there are girls"), the detail monitored (e.g., "There's 1, 2, 3, 
Hows. 62 75'S [sic] boys and four pizzas"), and a mathematical fact 
Stated (elqeretdsne 7 Sise7sO 

Continuing to look at the picture, the child recognized and 
reported the plan which could be used to solve Part B (the girls), 


1.@., halving. 


II. Planning the Solution. First, the plan to solve the question 
"How much pizza does each girl get?" was reported (e.g., "Well, if I 


cut it in half then these two share that pizza and these two share 
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that pizza"). By pondering aloud the child proposed a plan by which 
the solution could be derived to solve Part A (the boys) (e.g., 


"Twenty-eight. Cut them in four. No. Cut them into seven"). 


III. Solving the Problem. To solve the problem partitioning in 
sevenths by use of radial cuts was first practised on a larger 
circular area. Then the behavior was transferred to the original 
page presenting the problem. The activity was directed by 
monitoring and reporting (e.g., "There. I'm finished them all"). 

No speech accompanied the solution to Part B (the girls) which was 


achieved by using the halving mechanism, a horizontal cut. 


IV. Reviewing the Problem and the Solution. As the solution 


was reviewed with the researcher, it became apparent that the problem 
solver was unable to answer the first question even though having 
achieved the correct solution by partitioning. Neither awareness of 
the number of pieces per child nor a label were apparent. By use of 
question and answer as evidenced in the following dialogue, the 
activity was reviewed hoping the child's information would move 
toward order. 

Researcher Questions Suzanne's Responses 


If you only had one pizza, One piece each. 
how much would each boy get? 


Out of how many? FOUL 

Didi you Gut at fours No. 

So he gets one out of how Seven. 

many? 

But you haven't got one So it would be three pieces each. 


pizza, you've got four. 
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Don't they get any from the Yeah -- four pieces each. 
fourth pizza? 


The process of question and answer enabled the child to arrive 
at a concept, "four pieces," which would enable comparison to be made 
with the solution to Part B (the girls) (i.e., "One piece each," "one 
half"). To determine "¥lho got more, each boy or each girl?", the 
problem solver looked at the pictures and reported, “each girl." 
Again the researcher probed (e.g., "So half is bigger? Is that what 
you're telling me? Okay. So does each boy get as much as each girl?"). 
It provoked a comparison and the report (e.g., "Well four pieces 
would probably add up to one half, so they would probably get the 
same"). A dialogue pertaining to the meaning of one-half (e.g., 
item em Otct woman ve What. or fperOt Ae sorte sated by Seal ym Olmos 
"3"; "What's 1/2 of 8?", "4") shed no light upon the conclusion to 
the next question which was read and answered by the child (e.g., "If 
each child gets a fair share of the pizza, who would get more, each 
boy or each girl? The girls, because they get a half and these guys 
only get four pieces -- out of four"). Apparently, regardless of 
having executed the solution, the child did not, in fact, derive 
meaning from the process, the picture or dialogue, nor was there an 
available label to more precisely describe the solution other than 
"pieces." 

Pizza problems five through eight were not presented because, for 


this child, the tasks seemed to be much too arduous. 
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Problem Solving strategies of the 
Grade Four Group 


Like the grade two and grade three groups, the relationship of 
the members of the group was friendlv, harmonious and mutually 


Supportive. 


Pizza Problem One 
Given the task of sharing two pizzas between two boys and five 
pizzas among five girls, the group evidenced the following specific 


strategies. 


I. Understanding the Problem. To understand the problem, 


immediate reference was made to the picture. 


iiepaelanning chexsoluiion.. NO: plan was. stated. 


III. Solving the Problem. To solve the.problem, the group first 
focused attention only to that part of the picture concerning Part A 
(the boys) and simultaneously reported the solution (e.g., "One pizza 
each"). This process was repeated to solve Part B (the girls). No 


other activity was evidenced. 


IV. Reviewing the Problem and the Solution. All three children 
Simultaneously read and answered aloud each of the first three questions. 
The fourth question, though read by all, was answered by one child: 


William: ‘Two pizzas and two boys and then each boy gets a 
whole pizza and then there's five more pizzas and 
there's five more girls so they don't have to divide 
ijt cause you can see that they each get a whole 
pizza. Instead of having to divide it into pieces - 
they each get a whole pizza. 
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The response was confirmed by the others (e.g., "Yeah") and then the 
answer elaborated (e.g., Brenda: "Like if there was one pizza vou 
would have to divide it into five pieces - maybe six and one left over 


but here they each get one whole pizza"). 


Summary of Language and Strategies Used to Solve Mathematical 


Problem Qne. 

1. Reference to the picture was made to understand, plan and 
solve the problem. As evidenced in the review of the problem, the 
picture was understood to have embedded two separate questions. 

2. ‘Ihile reviewing the problem, the children reported that detail 
had been recognized, relationships perceived, the conclusion made that 


division was not thoucht to be necessary and the conclusion justified. 


Pizza Problem Two 
To the given task of sharing one pizza among three boys and three 
pizzas among nine girls, the orade four group demonstrated the following 


Specific strategies. 


I. Understanding the Problem. To understand the problem, 


reference was immediately made to only that part of the picture con- 
cerning Part A (the boys) and then the attention focused upon only 


that part of the picture concerning Part B (the girls). 


II, Planning the Solution. To plan the solution, the group 
immediately recognized and made the prediction that partitioning in 
thirds would solve both parts of the problem (e.g., "Divide it into 


three"). 
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III. Solving the Problem. Each child quickly and successfully 
partitioned each pizza in thirds by first determining the centre and 


then using either a 'Y' or inverted 'Y.' 


IV. Reviewing the Problem and the Solution. The group read aloud 
each of the first three questions and briefly reported the answers 
(e.g., “a third each," "a third each," "neither: the same amount"). 
The label "equal" was used to elaborate "the same amount." After 
reading the question, "How did you figure this out?", by means of 
discussion the group elaborated and concurred upon the procedure used 
to achieve the solution to Part A (the boys): 

Brenda: We divided it into one-thirds. Like the bovs got 

one-third because they wouldn't all get the same 

amount if vou cut it into four pieces. Then there 

would be one piece left over. And if a piece is 

left over, they'd probably be arguing. 
In this discussion, the decision was justified by use of a logical 
reason supported by reference to past experience and by raising a 
question (e.g., "Who'd get the last piece?"). In further discussion 
to review the procedure in order to determine the solution to Part B 
(the girls), reference was made to detail (e.g., "There's three pizzas 
and 12 girls"; the detail was corrected (e.g., "No, nine girls") and 
the procedure explained by use of logical reasoning. 

William: And if the boys got one-third of a pizza each and 

there's three pizzas for the girls then divide the 
girls into thirds and each third of the girls gets 


One pizza. Then you divide that pizza into the 
thirds like the boys. 
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Summary: Language and Strategies Used to Solve Mathematical 


Problem Two. 

1. Seemingly the problem was assumed to have two parts and 
immediate reference was made to the picture, Part A (the boys), and 
then to Part B (the girls). 

2. By partitioning in thirds, the solution to Part A (the boys) 
was achieved. To find the solution to Part B (the girls), the pro- 
cedure used was to first divide the girls into three groups, each 
group corresponding to a pizza and then to partition each pizza into 


thirds using either 'Y' or an inverted 'Y.' 


Pizza Problem Three 
The task of sharing two pizzas among three boys and eight pizzas 


among twelve girls was evidenced in the following specific strategies. 


I. Understanding the Problem. To understand the problem, the 


group first made reference to the picture, then to only the first 
question which was read aloud by Brenda to the group (e.g., “How much 


pizza does each boy get?"). 


II. Planning the Solution. To plan the solution to Part A (the 
boys), a prediction based upon reference to detail, and a recognized 
relationship was proposed by one child, Mathew, to the group: 

I think I have a solution for this. Sounds a little wacky 

but -- Since there's only three boys and two pizzas these 

boys could get two-thirds. Like you can make it into thirds 

and then this boy gets one-third from this pizza and one-third 

from that. 

The use of the expression "I think" suggests the child was aware other 


possible solutions miaht exist. The expression "sounds a little wacky 
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but --" seems to reflect the child's own feelings regarding the 
meaning of the procedure and, at the same time, help the group attend 
to the report. 

The plan to solve Part B (the girls) was initiated by Hilliam 
asking a question (e.g., "Now, what about the girls?") and as the group 
talked it through they recognized the solution to be the same as used 
to solve Part A (the boys). 

William: Three girls and two pizzas. 

All: Okay there's 12 girls. 

Brenda: But you see -- 

William: Three girls to two pizzas. 

Mathew: So the same as the boys. 


Brenda: Yup. 


Ill. Solving the Problem. To solve the problem, the children 
first achieved the solution to Part A (the boys). While monitoring 
aloud the activity, each child partitioned each pizza in thirds and 
the stated conclusion "each child gets two pieces" was restated using 
mathematical terminology (e.g., "Each piece is one-third but they 
each get two-thirds in all"). 

To obtain a solution to Part B (the girls), the children had 
monitored the activity while partitioning each pizza in thirds. (e.g., 
Brenda: "This piece. This piece. And this piece for the third: girl"), 
reviewed the detail (e.g., William: "Three girls and two pizzas"), 
recognized the relationship (e.q., Mathew: "Three girls to a pizza"), 
and concluded the solution (e.g., Mathew: "So the same as the boys." 


"Each girl gets two-thirds of a pizza") and agreed upon their solution 
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(e.g., Brenda: "Yup"). 


IV. Reviewing the Problem and the Solution. To review the 


solution, the group first read aloud, then answered each question. 

In response to the question, "How did you figure it out?", the use 

of logical reasoning to explain the procedure to solve Part A (the 
boys) was evident (e.g., Brenda: "Figured it out to split it up into 
three thirds and then if one boy got one piece of pizza, then the 
other boy got one and the other boy got one"). The explanation 

was then elaborated by William (e.g., "There would be three pieces 
left over") and agreed upon (e.g., Brenda: '"Yeah"). The solution to 
Part B (the girls) made reference to past learning, that is, know- 
ledge of even and uneven numbers (e.g., William: "There's nine girls. 
An uneven number. And an even number of pizzas"). In response to 
the probe, "What made you decide to try thirds on the girls?", 

again knowledge of even/uneven numbers was reported (e.g., "Well, 
because there's sets of three on the girls and sets of two on the 
pizzas"). Apparently recognition of "sets" helped the group to 


achieve the solution. 


Summary: Language and Strategies Used to Solve Mathematical 


Problem Three. 

1. By referring to only that part of the picture concerning the 
boys and talking through the detail to arrive at the solution, the 
group was able to plan and achieve the solution for Part A (the boys). 
The solution entailed partitioning in thirds and the label two-thirds 


was used to identify the answer. 
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2. By referring to only that part of the picture concerning the 
girls, and talking the problem through, the solution to Part B (the 
girls) was sought and achieved by grouping in "sets" based upon 
knowledge of even and uneven numbers. The "sets" were recognized 
to be the same as in Part A (the boys), that is, each set contained 
three girls and two pizzas. The pizzas were partitioned in thirds 
using 'Y' or inverted 'Y' (A) and, to name the size of each share, 
the label two-thirds was used. 

3. The activity gave rise to the children illustrating their 


solution as evidenced in the following figure. 


Figure 4.11 
Partitioning by the Grade Four Group to 
Achieve Two-Thirds 
Pizza Problem Four 
The task of sharing four pizzas among seven boys and two pizzas 


among four girls elicited the following behaviors: 


I, Understanding the Problem. To understand the problem, the 
children first looked at the picture (e.g., William: "Oh. Look!"), 
reflected upon the experience (e.g., Mathew: "Geesh"), decided to 
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and justified the decision (e.g., Mathew: "Yeah. They're the easy 
ones"). Likely past, real life experience, that is, sharing and 
talking about halves, accounts for the group perceiving this part 

of the problem as easy. To understand Part A (the boys) the children 
first attempted to partition in halves, that is, to apply the solution 
of Part B (the girls). The group concluded partitioning in halves 
would be inappropriate (e.g., William: "Won't work the same"), and 
then attempted to partition in thirds (e.g., Mathew: "I think this 
will work"), but recognized this too would not solve the problem 
(e.g., Mathew: "No, it wouldn't"). The question was raised by 
Mathew, "Could everybody get the same amount?" and the children again 
attempted to partition in halves and again found "that won't add up 
the same," i.e., the same as the girls. An alternate plan was 
suggested by William (e.g., "We haven't tried fifths yet"). Again, 
the detail was monitored and Mathew expressed new insight (e.g., "I 
have an idea. Put it into sevenths"). The suggested procedure was 
justified (e.g., "Put it into sevenths -- so it's seven pieces"). 
However, this justification was rebutted by William (e.g., "Uh Uh! 
You can't divide an uneven number, seven, into an even number, four"). 
By raising a question Mathew sought to clarify the explanation (e.g., 
"Why not? You can divide it. You could do that. Then thev each get 
four pieces"). The relationship of the detail was reported by Brenda 
(e.g., "There's seven boys and there's four pizzas"), provoking 
further explanation and extracting the central meaning of the problem 
by use of logical reasoning (e.g., Mathew: "I know. Divide each one 


into seven and then they each get four pieces"). The interruption 
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(e.g., William: "That won't work. There's an uneven number of boys. 
There has to be six boys"), followed by the response (e.g., Mathew: 
"That's with numbers, not real things") and William's subsequent 
agreement (e.g., "Oh. Oh yeah") seems to indicate an assumed 
reasonableness of the statement which had distinguished between 
numbers and "real things." By raising a question (e.g., Brenda: 
"Yeah, but what about the other pizzas?"), further clarification was 
sought and the plan elaborated (e.g., Mathew: "Do it the same way"). 
The group concurred in the decision (e.g., William: "Yeah, they each 


get four-sevenths of a pizza"). 


tit “Planningsthe solution. The plan ‘had evolved as the children 


sought to understand the problem. 


III. Solving the Problem. Immediate aeagnalcaar to Part B (the 
girls) was accompanied by the activity of partitioning in halves ‘using 
a horizontal cut. 

To achieve the solution to Part A (the boys), each pizza was 
partitioned in sevenths using radial cuts. The activity was directed 
by use of monitoring (e.g., "1, 2, 3, there, there, there, 1, 2, 3, 4, 
5, 6, -- there, 7") as each child partitioned the pizza into seven 
pieces of equal size and the conclusion reported (e.g., William: "Yeah, 


they each get four-sevenths"). 


IV. Reviewing the Problem and the Solution. To review the 


solution, the first three questions were read and answered aloud 
in sequential order by all (e.g., "Four-sevenths, one half. Each 


boy gets more"). By use of logical reasoning to explain the 
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procedure, the group answered the question, "How did you figure this 
Cie 
Brenda: We counted out how many boys there was. Then we 
counted how many pizzas and there's four pizzas and 
seven boys as so we divided them into seven -- 
Mathew: And there's four pizzas and we did that on all four 
piZZas so each boy would get four pieces -- four- 
sevenths. 
William: And for the girls we split it in half. 
Brenda: Cause there's two pizzas and four girls. 
In response to the researcher's probe, "How did you figure out who 
had more?", the children reported, "Well four-sevenths is more than 
a half," then justified the answer by use of logical reasoning (e.g., 


"Cause four is more than three and three takes up less than -- well 


the four must go into the half way mark of seven"). 


Summary: Language and Strategies Used to Solve Mathematical 


Problem Four. 

1. The group immediately recognized and stated the solution, 
one half, to Part B (the girls). 

2. The group arrived at the solution, four-sevenths, to Part A 
(the boys) by talking through and rejecting varying possible solutions 
based upon past experience and the mathematical concept of even/ 
uneven numbers. The correct solution finally gleaned was elaborated 
and the necessary procedure explained prior to its demonstration. 
Through their dialogue the group had reworked the meaning of the 
problem, elaborated the meaning of the procedure and established the 
correct label and its meaning to identify the solution. 


3. The group was able to determine four--sevenths was more than 
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one half by talking through the meaning of one half. 


Pizza Problem Five 
The problem of sharing six pizzas among four boys and nine 


pizzas among six girls was solved using the following strategies. 


I. Understanding the Problem. Ignoring the questions, the group 


referred to the part of the picture concerning Part A (the boys) and 
monitored the detail aloud enabling them to plan the solution. The 
Same procedure was repeated in order to determine the solution to 


Page omtcne.dinls) . 


II. Planning the Solution. Having monitored the detail to 
Part A (the boys), the plan was initiated (e.g., Mathew: "Split it 
into six. Then they each get four pieces -- they each get six 
pieces"). The initiated plan was acknowledged and the process re- 
presented by William who seemed to suggest the desired procedure would 
require that the six pizzas be grouped to achieve four equal shares 
(e.g., "It's almost just the other way around"). By raising a 
question, including reference to the detail inherent in the problem, 
Mathew reflected upon William's suggestion (e.g., "There's four boys 
and there's six pizzas so you split them into -- fourths?") but the 
possible solution was recognized as tentative (e.g., "So they get -- 
let's see"), then confirmed by Brenda using monitoring (e.g., "It 
works"). 

To plan the solution to Part B (the girls), the detail was 
monitored by each child and reference made by William to a possible 


pertinent mathematical fact (e.g., "Nine divided by six is three. No!") 
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which was clarified by Mathew (e.g., "Remainder three. Nine divided 
by six is one remainder three"). The recognition of the mathematical 


fact gave rise to two alternate solutions. 


III. Solving the Problem. Part A (the boys): Posed solutions 
based only upon observation (e.g., William: "They each get a half of 
a pizza," and Mathew: "They each get one and a fourth") were 
clarified by Brenda who, having monitored her activity, that is, 
partitioning in fourths, reported and explained the solution (e.g., 
"Split it in fourths then each one gets six"). William acknowledged 
the report and synthesized the solution (e.g., "Each boy gets a whole 
pizza and a half"). Brenda then questioned if another method existed 
(e.g., "Is there another way?"). The solution was rephrased to be 
"six fourths" or "six quarters" by William and Mathew. 

Part B (the girls): Brenda, having monitored the detail (e.g., 
ire oe ein 0m OS mite Crapo Gieicwand 1, 25. 3, 44. 5,6 .=-=<6epizzas.);, 
reported a possible solution (e.g., "I did it, I think. Each girl 
gets four pieces of pizza"), and then explained the process (e.g., 
"Because you give the girls each a pizza first and then the other 
three pizzas divide in halves"). The solution provoked a discussion 
using logical reasoning to analyze (e.g., William: "Two-thirds [sic]. 
each person gets three thirds of a pizza. Qne whole"), synthesize 
the solution (rae Mathew: "They get a pizza and a half"), and 
Mathew then justified and elaborated the synthesis: 

Instead of splitting these up in thirds and then the remaining 

three you split in half -- give them a whole pizza. Cause 


there's only three left and there's six girls so you split them 
in half so there's six pieces. So each gets an extra piece. 
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A comparison of the procedures by way of illustration ensued (e.g., 


Brenda: "Look Y) Y) Y Y wy G a3 C C's Mathew: 


"You have the same thing. See C) ) Gd) ‘S, @ C) Se CS CO") 


The discussion and use of comparison gave rise to lilliam stating a 
mathematical principle (e.g., "Yeah, they can have three thirds and a 


half or one pizza and a half. It's the same thing"). 


IV. Reviewing the Problem and the Solution. To review the 


solution the group read and answered aloud each question in sequential 
Order. The mathematical concept six-fourtns was named three ways: 

"six quarters," "six fourths" and "one and a half" and the mathematical 
principle stated by the group (e.g., "Six quarters equal six fourths 
equal one and a half. It's all the same"). To answer the question 
"How did you figure it out?", the group seemingly made reference to 
the picture while reporting their own feelings (e.g., "Did the boys 


first ‘cause the girls were harder"). 


Summary: Language and Strategies Used to Solve Mathematical 


Problem Five. 

1. It was recognized that the problem would require two 
solutions. 

2, The solution to Part A (the bovs) was achieved by first 
partitioning in quarters and the solution six-quarters equated to 
"a whole and a half." The solution to Part B (the girls) was 


achieved by two differing procedures as evidenced in Figure 4.12. 
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Figure 4.12 


Partitioning to Achieve One and One-half 


3. It was recognized and stated that the mathematical concept 
three thirds and half is one whole and a half. 

With the intent to eliminate confusion arising from the juxta- 
position of understanding the problem and planning a solution, these 
two steps, Understanding the Problem and Planning the Solution are 
presented under one heading throughout Pizza Problems Six, Seven and 


Eight. 


Pizza Problem Six 
The problem of sharing three pizzas among seven boys and one 


pizza among three girls was solved using the following strategies: 


I. Understanding the Problem and Planning the Solution. To under- 


stand the problem, reference was made to the picture Part A (the boys), 
a reflection of the meaning of the experience based upon one's own 
feelings reported (e.g., Mathew: "This is easy") and the plan stated 


by William (e.g., "The girls -- thirds"). 
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Subsequently, as the detail was monitored to Part B (the girls), 
the group determined the plan in three steps: (i.e., "Cut each 
pizza in seven"; "Give each boy three pieces"; "Three sevenths. Each 


boy gets three sevenths"). 


II. Solving the Problem. The solution to Part B (the girls), 
partitioning in thirds, was drawn quickly and accurately by all. 
Neither monitoring nor intercommunication was evidenced. 

The solution to Part A (the boys), partitioning in sevenths 
using radial cuts was accompanied by inaudible self talk but no 


difficulty was apparent. 


III. Reviewing the Problem and the Solution. To review the 


solution, each question was read and answered aloud by the group. 

To determine which was more they then referred to their work (e.g., 
"Look at the picture"), and reported a conclusion with reservation 
(e.g., "Three-sevenths is more. Well, a little. The boys get more"). 
The response to the question "How did you figure this out?", was a 
report of the experiental meaning (e.g., "Easy") and a summation of 
the procedures (e.g., "Thirds for the girls. Then cut in seven for 


the boys"). 


Summary: Language and Strategies Used to Solve Mathematical 


Problem Six. 

1. The problem was known to require two solutions. 

2. The first solution achieved was determined by partitioning in 
thirds and the second by partitioning in sevenths. A label was 


available to identify each solution. 
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3. A comparison based upon observation and analysis of the 
solution enabled the group to determine three-sevenths was more than 
one-third. No diagrammatical strategy other than partitioning was 


used. 


Pizza Problem Seven 
The problem of sharing five pizza among three boys and eight 
pizzas among five girls was solved using the following specific 


strategies. 


I. Understanding the Problem and Planning the Solution. To 


understand the problem, the children first referred to the total 


picture, then agreed to first do Part A (the boys) (e.g.;, "Do the 


boys first"). After monitoring the detail, the possible solution was 


reported by Mathew (e.g., "Give each boy one pizza. Cut the other 
two [pizzas] in thirds. Then give each boy two pieces. Each boy 
gets one and two-thirds"). 

To solve Part B (the girls), first the detail was monitored, 
then the solution proposed by William (e.g., "Give each girl one 
Hae Cut the remainder in five, fifths. Give each girl three 
pieces"). The meaning of the solution was clarified by Brenda and 
Mathew (e.g., "Each girl gets one pizza and three pieces"; "One 


pizza and three-fifths"). 


II. Solving the Problem. The solution to Part A (the boys) 
was achieved by partitioning two of the circles in thirds using 
radial cuts. The solution to Part B (the girls) was achieved by 


partitioning three of the circles in fifths using radial cuts. No 
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intercommunication occurred but inaudible self-talk was evident. 


III. Reviewing the Solution. To review the solution, each 


question was read and answered aloud in sequential order. The 
solution to question 1, "How much pizza does each boy get?" was 
reported to be “one and two-thirds," then elaborated, "Yeah, five- 
thirds too!" The solution to the question "How much pizza does 
each girl get?" was reported to be "one and three-fifths." To 
determine which was more, One and two-thirds or one and three- 
fifths, a dialogue based upon observation of the pictures ensued: 

Brenda: It's real close. 

William: I think two-thirds. 


Mathew: Look. Yeah, one and two-thirds is more. The boys 
get more. 


All: Yeah, the boys get more. 
A review of the procedure was reported to answer the question "How 
did you figure this out?" (e.g., "Give each boy one and cut the 
remainder in thirds. Give them two-thirds. Give each girl one and 


cut the remainder in fifths. Give them one-fifth more"). 


Summary: Language and Strategies Used to Solve Mathematical 


Problem Seven. 

1. As a group, the children talked through the meaning of each 
part of the problem, and planned and labelled the solution prior to 
using any partitioning strategies. Having partitioned the circular 
areas, the group then determined three-fifths was more than one-third 


by referring to and discussing the illustrations. 
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Pizza Problem Eight 


To share five pizzas among four boys and six pizzas among five 


girls, the group demonstrated the following specific strategies. 


I. Understanding the Problem and Planning the Solution. To 


understand the problem, each child monitored the detail of Part A 
(the boys). The plan was stated by Mathew (e.g., "Give each boy 

One and cut the other one in four") and justified by Brenda (e.g., 
"Cause there's four boys"). Attention was directed to the girls by 
William (e.g., "Now the girls"), the solution proposed simultaneously 
by each child (e.g., "Give each girl one and cut the left over in 
five") and agreement reported (e.g., "They each get one and one- 
fifth"). By William raising a question (e.g., "They do?"), the 
solution was clarified by Mathew who quickly illustrated the solution 
and commented (e.g., "Yup. Sée!") and the solution was agreed upon 


feeg?s Right 


II. Solving the Problem. Part A (the boys): As the plan was 
determined, the solution was achieved using one to one correspondence 
followed by partitioning in fourths. 

This same procedure was followed to determine the solution to 
Part B (the girls) but the remaining pizza was partitioned in fifths 


using five radii. 


III. Reviewing the Solution. To review the solution, each 
question was read and answered aloud in sequential order. No elabora- 


tion was evident. 
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Summary: Language and Strategies Used to Solve Mathematical 
Problem Eight. 

1. As a group, the children talked through the plan and labelled 
the solutions prior to using any partitioning strategies. 

2. The group recognized one and one-quarter was more than one 


and one-fifth by referring to their diagrammed solutions. 


KNOWLEDGE OF MATHEMATICAL LABELS 


A summary of the known or derived mathematical labels used by 
children in grades two, three and four while solving the pizza 


problems is provided (Table 4.1). 


Mathematical, Labels Used by Grade Two Children 


I 


The grade two children, individual and group, used only the 
Specific mathematical labels one whole, one half and one quarter. 
Neither the individual nor the group used the term fourths. However, 
the group did recognize one half to be the equivalent of two quarters. 
Terms such as 'pieces' or 'shares' were used to identify the solutions 


for which the correct label was not known. 


Mathematical Labels Used by Grade Three Children 


The grade three children knew and correctly used the mathematical 
labels one whole, one half and one quarter. The individual derived 
and correctly labelled both partitions one third and two thirds. 


Two quarters and one half were used interchangeably by the group. 
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The grade three group, unlike the grade two group, knew and correctly 
used the term one third and an apparent understanding of the concept 
one third enabled the group not only to correctly derive but also to 
apply appropriately the mathematical label two thirds. When unknown, 
labels required to identify partitions of less than one third were 
simply called "quarters" or "pieces." The grade three individual 
child, however, endeavored to derive appropriate labels for partitions 
of less than one third through use of the label "quarter"; for 


example, a "quarter of a quarter" to mean one fourteenth. 


Mathematical Labels Used by Grade Four Children 


The grade four individual child knew the mathematical labels 
one whole, one half and one quarter. The child recognized that 
differing partitions do have specific labels but was unable to recall 
or derive the terms and referred to such partitions as "nieces," 

Unlike the grade four individual, the grade four group knew al] 
mathematical labels inherent in the solutions to the problems. The 
oral language specific to each problem indicated equivalent terms 
such as 8/5 or 1 3/5 could be used interchangeably. This concept 
appeared to arise as the children reviewed the solutions to each 
problem. 

As might be expected, the specific use of mathematical labels 


available was greatest at the grade four level. 
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NON VERBAL BEHAVIOR OBSERVED WHILE CHILDREN 
SOLVED THE PARTITIONING PROBLEMS 

Whether reading aloud or responding to the illustrations, each 
grade two child demonstrated similar sing-song, tapping, rhythmic 
motions while initially trying to understand the problem. Moreover, 
while planning the solution to each of the problems, both the 
individual child and the group were again observed demonstrating the 
Same sing-song, rhythmic behaviors. 

Similarly for all but the first and simplest problem, the grade 
three children were also observed manifesting sing-song and rhythmic 
behaviors; for example, counting in sing-song, body rocking, hair 
twisting, and pencil and finger tapping. Likewise, when planning 
solutions to the problem, the grade three children manifested the 
rhythmic behaviors previously described. 

As the grade four group sought to plan the solutions for each of 
the more difficult problems, 4-5, the sing-song, rocking, rhythmic 
behaviors were demonstrated. Unlike the other children, the individual 
grade four child manifested no such sing-song, rhythmic behaviors as 
She silently struggled to understand and solve each problem. 

It appears that the rocking, rhythmic movements were basic to 


the solving of the mathematical partitioning problems. 
CONCLUSION 


Within each step of Polya's problem solving framework there 
appears to be specific language functions and thinking strategies 


evidenced in the oral language used by the children. Oral language 


deine 


ae i 


~ 


fines jena santa i aid at 

a epintggad: « 

wavoeye = ne idorg aid bi my 

sit dtod ameter ond % met oot per 

aft priteyzqomsb bevisedd oe | , 

“vate ab 
ehevo att .insTdove teafaqmte bas 2 i ar Bod 1 0 iat Wn 
stingy bos proa-ont2 pats ott 1g'1b! | 
“ted .pniiooy ybod ,proz-patz aF ony PaO 

antristd nedw »Setwaal J oni gqud “gent? pon am 

old batestinad Aathl Fab osold sbatp arth atin oF 

-beaiidaab cherie 

+o dose OY snsttyTos oN4 Able oF Iepuoe quOMy alae 

simiiviy pAb eBIQE~ YNZ att you* seetdo meshes som of 

(eubtvipnt oat .nevbitay saleo” add gvFtay edeanoneb Saw! ev 
26 2yorvatsd Stmatyty diroe~gnite (cee GA bedasTinea se 

yetdowm dyed swtde tnd tabtioebhy of bsfopuida’ veins” en ‘ | 

of atzed sisw 2insmeviet ahmlaedy .pthdsor oft sas mn 7 


amet dong: ane fealtannititem and to ontvle 
o4 Sate ~ 


a1eis jAvowSme? hi 
astpetensz ontantis bets 
psuers! toad .netbf tito at 


played an important role in the solving of the mathematical problems 
in that it allowed the young problem solvers to make a concerted 


effort to direct attention and clarify perception. 
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Chapter V 


SUMMARY OF FINDINGS AND CONCLUSIONS, REFLECTION 
AND RECOMMENDATIONS 


SUMMARY OF FINDINGS 


The function of language used by young children, individually 
and in small groups, involved in mathematical problem solving, 
specifically partitioning tasks, was the focus of the present study. 
The focus was oriented towards the discovery of insights regarding 
the nature of the role of the language manifested and the thinking 
strategies revealed within the language while working on partitioning 
tasks. 

Although a concerted effort was made by the researcher to be 
minimally involved in the interaction with the children, by design 
the study necessitated researcher involvement. By means of observa- 
tion, questioning and ongoing analysis, it was possible to gain 
insight into how the children in this study used language to make 
meaning from posited partitioning problems. As well, the researcher 
was able to gain some insight into their partitioning behaviors. 

Eight partitioning problems of graduated difficulty were adapted 
from Kieren's written mathematics tasks (1980) for the study, each 
permitting modifiable solution procedures. 

No 'a priori' plans for analyzing subjects' responses were made. 
Instead, criteria for classification of subjects' responses were 


developed from the subjects' responses and in conbination with 
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relevant theory found in the literature. The reliability of the post 
hoc classification scheme was assessed by using one independent judge. 
In this chapter the sample, the tasks, and the major findings and 
conclusions are summarized. Major reflections of the researcher 
regarding the learning behaviors of young children precede the 


recommendations for further research. 
The Sample 


The children were selected from classes in an elementary-junior 
high school within the St. Albert Separate School System. Six 
participating teachers, chosen by the principal subsequent to the 
explanation of the purpose of the study and the research methodology, 
selected a total of 26 children drawn from two classes of each grade, 
grades two through four. The total sample consisted of 14 girls and 
12 boys and included 8 grade two, 8 grade three and 10 grade four 
students. Within each grade children were then randomly selected to 
compose two groups of three students. The remaining 14 children 


participated individually. 
The Tasks 


The partitioning tasks adapted and used displayed characteristics 
considered necessary for the purpose of the study. These character- 
istics were: 

1. The problem solving task, sharing the pizza fairly, was 
believed to be familiar, motivational and conducive to generating 


language by young learners. 
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2. Varying mathematical aspects of the task would enable the 
children to experience success and, at the same time, challenge their 
thinking. 

c. The gradation of the tasks would provide initial success that 


would motivate the children to move directly to partitioning. 
FINDINGS AND CONCLUSTONS 


Within the limitations of the study, conclusions have been drawn 
regarding the role of language used by young children when solving 
mathematical partitioning problems. The major findings and conclusions 
are stated in relation to the research questions posited and within 
the four problem solving steps of Polya. 

Research Question |] 

Do children individually and in small groups verbalize when 

probLem SokvAng ? 

In this study, individual children and those in small groups did 
verbalize while problem solving. The verbalizations were task oriented 
and extensive. Only the grade four individual child did not use 
language spontaneously throughout the problem solving process. This 
child, however, did respond to the probing of the researcher and 


eventually engaged in self-talk during the problem solving process. 
Research Question 2 


14 children do use Language, how and for what purpose 4s the 
Language used, relative to sokving the mathematical problem, 
Andtvidually and in small group settings? 
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Grade Two: The Individual Child 

Understanding the problem. The individual child solved six 
problems. At the grade two level, the major language strategies used 
by the individual child were first to read the questions aloud to the 
self and then to the researcher. Having solved problems 1 and 2, the 
child thereafter either read silently or proceded directly to the 
illustration. Language served to direct attention and to report 


recognized solutions. 


Planning the solution. Throughout the planning stage, language 


served chiefly to direct attention via monitoring detail and activity 


and as well to predict possible alternatives and state conclusions. 


Solving the problem. While solving each of the six problems, 
the functions of the child's language were to direct and to report 


achievement, analysis and conclusions. 


Reviewing the solution. The review of each of the six problems 


evidenced the child mainly used language to report. 


Grade Two: Group 

Understanding the problem. To understand each of the four 
problems solved, the group members simultaneously read aloud, first 
to the self and then to the group. In addition, language was used to 


direct, to predict and to report. 


Planning the solution. Throughout the planning the children used 


language to direct, predict and report. The thinking strategies 


apparent were analysis, synthesis, evaluation and justification. 
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Solving the problem. While solving the problems, the major 


purposes of the language were to direct and to report. 


Reviewing the solution. To review the solution to each problem, 
the group read and answered each question aloud in sequential order. 
The review was used as an Opportunity to debate, clarify and seek 


agreement. 


Grade Three: The Individual 

Understanding the problem. The individual solved six problems. 
Language served to report recognized solutions, to direct and to 
predict. Use of oral language was not evident when the child sought 


to understand problems 5 and 6. 


Planning the solution. Having recognized the solution to 


problem 1, it seemed unnecessary for the child to plan a solution. 
As well, the plan to solve problem 2 appeared to emerge while making 
sense of the problem. To plan the solution to each of the remaining 


problems, the child used language chiefly to direct and to report. 


Solving the problem. When solving problem 1, the child did not 
verbalize. In subsequent problems 2 through 6, the function of the 


language was to direct and to report. 


Reviewing the solution. To review each of problem 1 through 6, 
the child read each question aloud and reported the answer. Embedded 
within the reports are efforts to: reflect upon meaning, justify, 


synthesize and draw conclusions. 
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Grade Three: The Group 

Understanding the problem. Four problems were solved by the 
grade three group. To solve the first problem, the group began by 
simultaneously reading aloud. In subsequent problems, language was 


used chiefly to direct and report and to a lesser extent to predict. 


Planning the solution. In problems 1 through 4, the language 


served to direct and to report. Extensive monitoring of detail was 


evident. 


Reviewing the solution. To review, the grade three group used 


language primarily to read, direct and report. The reports served as 
a means to synthesize content, analyze and justify procedure, and to 


evaluate. 


Grade Four: The Individual 

Understanding the problem. The individual child eventually solved 
problems 1 through 4. Questions were read silently for each problem as 
it was presented. Language was used to direct attention to detail and 


Simplistic reports were made which related to personal feelings. 


Planning the solution. The plan to solve the first problem was 
directed by the researcher who used a series of questions. In Sub- 
sequent problems, the language of the child served to direct and to 


report. 


Solving the problem. Little or no talk Occurred in this stage of 


the problem solving process. 
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Reviewing the solution. The review consisted of a series of 


reports which simply stated solutions but revealed few higher thinking 


processes. 


Grade Four: The Group 

Understanding the problem. The grade four group solved all 
eight problems and consistently first referred to the illustration 
to make sense of the problem. As the problems became more complex, 
problems 4 through 8, the use of language to direct increased. For 
this group, problem 4 appeared to be the most difficult. The 
thinking strategies apparent in the efforts to solve problem 4 were 


to question, justify, predict, and to state relationships. 


Planning the solution. The solving of the first two problems 
had no stated plan. The plan to solve problem 3 emerged as the group 


related detail. In the remaining problems, the plan evolved as the 


children sought understanding by use of language to direct and report. 


Solving the problem. Principal functions of the language used 
were to direct the activity and to report achievements. The role of 


language was minor in this problem solving step. 


Reviewing the problem. To review each problem, 1 through 8, the 
group read and answered each question aloud. Terse reports served to 


explain and elaborate mathematical principles. 
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Research Question 3 


1s there any difference between the language and strategies 

used by an Andividual and a smakl group of mathematical 

problem solvers at each grade Level as well as across the 

grades two, three and four? 

Since there are two aspects to Research Question 3, the summary 
of the findings is presented in two parts, that is, the performance 
of the individual versus the group (1) at each grade level and 


(2) across the grades. 


Individual Versus Group 

Grade two. At the grade two level, the individual achieved 
solutions for each of the first six problems and the group for only 
the first four. Both initially used the same problem solving 
procedures, that is, reading aloud to the self and then to another. 
Both used language to direct and to report when planning. The group, 
however, was much moneaverbal when solving the problem. The 
individual child relied upon the researcher to direct the review but 


the group independently reviewed the problem. 


Grade three. To understand the problem, the individual child 
referred first to the illustration and then used language to report. 
The group either first read the questions then used language to 
direct, or immediately used language to direct. To plan the solution, 
the individual child used language to report and to direct. The 
group used similar strategies but the reports more often included 
analysis, justification, questions and evaluation. While solving 


the problem, both the individual and the group used language primarily 
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to monitor ongoing activity. The individual and group reviewed the 
problems independently by reading and answering task questions aloud. 
The groups, however, more thoroughly endeavored in the reports to 


synthesize, justify, analyze, evaluate and conclude. 


Grade four. The individual grade four child was guided throughout 
the problem solving process by the researcher. Hence, a conclusion 
regarding the role of the child's language in the problem solving 
process is difficult to establish. For this child, language served 
to respond in a series of simplistic reports. 

To understand the problem, the grade four group initially read 
the questions to the first problem and thereafter made immediate 
reference to the illustration. Understanding the problem and planning 
the solution to each often appear to merge. Embedded in these two 
steps is the use of language to direct and to report. When solving 
the problem, little oral language was apparent. The grade four group 
Pened sau tlar reviewed by having one child read each question aloud 


and all answered the questions. 


Across the Grades 

Understanding the problem. The grade two individual and group 
began the problem solving process by reading the questions aloud to 
the self and then rereading to another. 

The grade three individual child read the questions aloud only 
Once and thereafter referred immediately to the illustration in order 


to understand the problem. The group also immediately read the 


questions to the first problem aloud, and then reread the questions 
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aloud several times to each other. Thereafter the group referred 
first to the illustration. 

The grade four individual child silently read the questions to the 
first problem, reported difficulty and was led through the problem 
solving process by the researcher. 

The grade four group read aloud the questions posed in problem 1, 


but in subsequent problems referred immediately to the illustration. 


Planning the solution. The grade two individual used language 
primarily to question, direct and predict when planning a solution. 
Prediction seemed based upon past experience, hence trial and error 
prevailed. The grade two group used language to direct, report and 
predict. Prediction seemed to arise from past experience. 

Understanding of problems 1 and 2 by the grade three individual 
seemed to be so clear that stating a plan was unnecessary. The 
language used in subsequent problems served to direct and report. 

The language used by the grade three group functioned to direct 
and report as the plan unfolded. 

The grade four individual child was guided by the researcher 
when planning the solution. 

The plan to most problems emerged as the grade four group 
clarified their understanding. The function of the language was to 


direct and report detail. 


Solving the problem. The individual grade two child used language 
to direct the activity and to report achievement when solving the 


problem. 
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The grade two group similarly used language to direct and as 
well as to report. 

The grade three child did not verbalize when solving the first 
problem. Subsequent language used when solving the problems was 
chiefly to direct and to report. 

Like the individual child, the grade three group used language 
chiefly to direct and to report. 

The grade four individual child engaged in little or no talk 
throughout the problem solving step. 

The grade four group also used little language while solving 
the problems. The language evidenced was to direct and to report 


achievements. 


Major Conclusions 

It would appear that the overriding function of language is to 
help the learner attempt to clarify meaning and bring sense to the 
experience. Not only did the language strategies shift within the 
steps of the problem solving process, they also seemed to vary 
in relation to age or stage of development of the problem solver 
across the grades. For example, the grade two children initiated 
problem solving by reading aloud. The grade three individual studied 
the illustration before silent reading but the group sought under- 
standing by reading aloud. The grade four individual read silently 
but the group silently read the questions to the first problem and 
thereafter sought understanding by referring to the illustration. 
Furthermore, the grade two children sought solutions by talking 


through processes based upon trial and error. The grade threes talked 
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through meaning based upon detail even when not able to demonstrate 
the skill. The grade four group immediately related detail and were 
able to demonstrate the skill. It seems unlikely that the grade two 
individual child would have reviewed the solution without guidance 
from the researcher. The grade threes semi-independently reviewed 
the solution and the grade four group systematically and indepen- 
dently reviewed each solution by first reading each question, then 
reporting and clarifying each answer. Clearly, the incidence of talk 
increased as the complexity of the problem intensified; inversely, 


the talk dimished as the grade level increases. 
Research Question 4 


1s there any developmental pattern of growth and change in 

the mathematical problem sokving procedures of children in 

grades two through four? 

There appear to be distinct levels of partitioning capabilities 
with each level, characterized by developing concepts and processes. 
For example, even when achieving the solution, the grade two children 
employed a process of partitioning, much like dealing cards. The 
procedure is first to group, and then to find one-to-one correspondence. 
To partition a circular area into thirds tended to be an arduous task, 
even when talked through and the children were sometimes not able to 
execute the task despite being able to verbalize clearly what must be 
done to demonstrate the solution. The grade three children seemed 
able to perceive partitioning from a broader view and rely less upon 
the process of ‘group and deal.' They also were able, for example, 


to distinguish two-thirds as part of one whole in contrast to the 
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grade two strategy of collecting thirds and adding. 

Grade four children (group) examined and related details inherent 

in the problem and quickly determined the partition. 
Research Question 5 

What 4s the role of the teacher nekative to the probLem 

Sokvang process? 

As the focus of this study is upon how children come to know 
the researcher was able to glean insight and speculate regarding the 
role of teacher in the problem solving process. 

It has been reported that children do not easily bridge the gap 
between problem settings and their symbolic representation (Resnick, 
1982). Further evidence substantiates the fact that children have 
their own ways of constructing meaning of problematic situations 
(Carpenter and Moser, 1982). It is the role of teacher to design a 
strategy which would address these concerns. Such a strategy 
necessarily requires that the teacher recognize the meaning vested 
within the concepts, partitioning, computing or other, must inform 
the learning that will eventuate in them (Sawada, 1984). Further, 
problem solving can serve as the integrating medium of concrete- 
manipulative representation and symbolic insight. The environment 
within which the learning experiences must be contexted within the 
school is the socio-linguistic environment within which the children 
live outside the school. It is the responsibility of the teacher to 
design problem solving tasks which are meaningful to the child. 


Teachers should pose specific problems based upon real life experience. 
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The problem, itself, must be inherently interesting to maintain pupil 
attention. Problems too narrowly defined allow little opportunity 
for children to explore and create. Conversely, problems too broadly 
defined lessen the likelihood of resolution. 

As well, it is the responsibility of the teacher to provide 
opportunity for children to work together or alone in a true problem 
solving environment in order to access some of the children's personal 
knowing and to provide the child as knower Opportunity to understand, 
to make sense of, and to come to know the meaning of the manipulative 
and symbolic representations with which they learn. 

This view places the child at the centre of the problem solving 
experience. This is not to imply that pupil talk is superior to 
teacher talk, that pupil direction is superior to teacher direction, 
Surely this is not so as the teacher's role is a vital one. None- 
theless, implications for instruction are apparent. 

Small groups efficiently serve the problem solving process as a 
strategy to be used to promote exploration of a concept, attitude or 
Skill. The use of this strategy at the right time provides opportunity 
to enable the learner to come to know. Thinking is stimulated in the 
group situation as is clarification of thinking. Subsequently, problem 
solving is enhanced by group interactive processes but whether in 
groups or individually the problem solving process is neither quiet 
nor still. 

The teacher should also carefully plan the physical organization 
for children to engage in small group problem solving situations. The 


Organization must provide a face-to-face situation in order that 
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comments can be directed to the group and that group members can 
react to the ideas being offered or the activity being pursued. 

Typically, teachers 'talk and chalk,’ demonstrate and show the 
learners what is to be learned. This role of the knowing authority 
needs to be altered to provide unobtrusive assistance that will 
facilitate the individual or group problem solving process. The 
teacher's purposes are three-fold: to listen, to question, and to 
know when to terminate. Listening accompanied with careful observa- 
tion enables the teacher to determine how children use their language 
to solve problems within varied contexts. Having listened, teachers 
are in a better position to encourage children to extend their 
experience, to explore reasons for ideas, to exercise critical 
thinking and to learn from each other. Questioning techniques provide 
opportunity to correct misinterpretation or misinformation, to open a 
new line of thought, to probe and encourage deeper development of an 
idea, and to involve the more timid child as a group participant. In 
some instances, it may also be the responsibility of the teacher to 
recognize when the problem has been ‘talked out' and to bring the 
activity to a satisfactory conclusion. 

It is extremely important that the classroom teacher carefully 
prepare the problems to be resolved and the kinds of problem solving 
experience to be offered. Consideration of the most propitious 
conditions in which to offer problem solving experiences is a major 


responsibility of the teacher. 
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EPTCOGUDREERECEECEIONS SORAIHESRESERRCHER 


Any study of the uses of language for learning is of more than 
theoretical interest. An examination of the role of language in 
problem solving, mathematical or otherwise, can not preclude retro- 
spective reflection upon several pertinent questions. The most 
important question arising from the learnings of this study is, ‘How 
best can the classroom teacher provide opportunity for learners to 
learn, to use and strengthen problem solving skills.' This question 
necessarily requires that several issues be addressed. First, what 
are the attributes of a problem and what constitutes problem 
solving? Second, although it would be presumptuous to equate language 
or speech with thought, oral language does seem to play an important 
role in the cognitive process. Can language serve the learner engaged 
in a problematic situation, and if so how does it serve him? Third, 
can and how does interaction serve the learner, hence the problem 


solving process? 


Problem Solving 


What constitutes a problem, mathematical or otherwise, for a 
young child? A problem, by definition, exists when an individual or 
group encounters a situation which requires resolution and for which 
there is no readily available solution. Problems posed within the 
classroom must arise from the student's own real world interests. 
Moreover, there must exist for the child the possibility of achieving 
a real and applicable solution. Simply stated, the problem posed 


must enable the child to make sense of the situation. 
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Language and Problem Solving 


In one sense, thinking is regarded as a process of using ability, 


ofttimes intelligence, to solve problems. This limited definition 


does not necessarily include the concept of understanding or clarifying 


a situation. The derivation of the term clarify is from the Latin 
words clarus and facere, meaning 'clear' and 'to make'; hence, ‘to 
make clear.' By definition, clarification is to make an idea, 


statement, clear or intelligible; to free the mind from ambiguity or 


confusion. In the broader sense, thinking then, is a process directed 


to explore, clarify and enlarge experience. Thinking is then a 
deliberate exploration of experience for a purpose. It is the 
exploration which clarifies perceptions and enables one to arrive 
at a judgement, i.e., to resolve the problem. 

The relationship between the use of oral language and thinking 
ie therefore, an important one because language is the code system a 
child develops for exploring experience. By exploring experience, 
gleaning perception, asking questions and making assumptions, 


however elementary, the child obtains information. Thinking is 


concerned with extracting information from experience. For the child, 


oral language is a natural process for extracting information, and 
therefore, to think. 

Emphasis upon verbal expression is important. However, verbage 
by itself is inadequate and necessitates examination of the language 
skill to thereby determine the underlying thinking strategies. The 
job of thinking is to clarify perceptions in order to have a clearer 


view; a process to direct attention and clarify understanding. The 
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children in this study used language to a great extent for exactly 
that purpose, to direct attention over available knowledge, to clarify 
and validate perception. 

Perception of a mathematical problem is a matter of awareness 
and that is one of the functions of thinking, to clarify awareness, 
to free from indistinctness or ambiguity. To clarify is an over- 
riding function of language. Higher level mathematics is used in 
order to 'see clearly’ what is implicit in a set of given relation- 
Ships. In the mathematical procedure, the situation is processed in 
order to perceive the mathematical relationships more clearly. 
Typically, the mathematical problems given children require more 
ordinary thinking and the child can do much to explore the experience, 
to direct attention before moving into the processing stage. Oral 
language is key to the exploration and clarification of not only the 
problem, but also the ongoing problem solving activities. 

To know is to perceive or understand, to apprehend clearly and 
with certainty, to establish or fix in the mind. Oral language is a 
means which enables the child to come to know. Language not only 
provides the child with useable concepts and a means with which to 
clarify the world but is also the system a child develops for dealing 


with other people. 


Interaction and Coming to Know 


There appears to exist a pervasive relationship between learning 
and its context. It could be said that children's capacity to talk 


is there, just as the capacity to walk or see, and all that educators 


ae ae 
bo isonas 407 : wip 6: hs 
ate. oe A : iy 
feet ot + <opbabvond otasttn vo NOT? 7s 39 
ww ee “a a pe a» et 


22anersws “te ai0n 6 ar refdong f semadtem 5 
aw ect _ m Bas 
.zaenertewa vthssta ot spatintat 0 ust 


ve me et ytirslo oT gh by 


wt heey 2 eat temanttom fovet ; ar» not toctut 
4 7; =a i 
‘i f 


anotisiay nevip to t92 6 nt sotlaet at ‘term “bts > na mg 


| +i 20 ot nD 

nt bee 2292074 af notszeutte sit abana feo} tementsn 9 
- "| " 
.vinsalo som sui nedehsntent [sot dongs om orld i oF oS 1 


ae 


stom attupsy aevbitio nave a Fant smedion ‘eit oi at eel g a 


Si 


.aoneltaqxe ord 80 iam od daum ob aad bt iid edd bas patintay x vente »* 


7: 
a 


a 
tf 


jew) .epete site 2550%G sat ofa ent va aoted notaneate $9 


silt ylno ton 40 > nat teghtias fo rs nofseroFexs add oo ya ‘ats 
Sige = 
.eat}ivraos yiitviog wai dewg pifepno edt ozls tud + 


af 


brs vitals bnedes9qe Og -bawtevabay a) ayteosq a3 at ‘work * 


vi ELF 
at agaugis) fed hota ort at xf? vo dab ldstes os iarsd 
f a a 
viao ton spsupns.) wan om mao ot el ria orig es Tdana dz 


, ad 


ot dotdw ddiw 2nsom 6 bits avgaanas ‘ptdenen astw ‘bP wat 


oni tseb vot eqolsvab bits & ao“ ang vals et jud bio ait v0 rine ae 
. ae. | aes : 
.afqooa 7 ) tw 


i ‘ia? « a 


eatervant nsewsed citenat Seton aviaevseq 5 jefxe of, e1s9qq8 eysny 
- pee A | 
iis? of yt toaqE 2 ‘nowbT tla sont vie od bives rt coe very z 
srogeoubs sea ihe ties 1092 0 tom 8 mires _ 28 tout +B 


eee is 7 


168 


need do is to draw upon this capacity but this view falls short of the 
goal. What is compelling is the realization that children learn 
through talk and the way they learn is complex and varied. Nonethe- 
less, it appears that small group interaction is highly conducive to 
the learning process. 

Observation of small groups interacting to solve partitioning 
problems permits conclusions pertaining to the process of interaction. 

The first observation and most obvious conclusion is that talk, 
though rich in meaning, is untidy and appears fragmented. Consequently, 
group deliberation is a slower method to arrive at a solution. None- 
theless, it appears to be immensely satisfying. 

Second, problem solving is an attempt to transform uncertainty 
into familiarity (Smith, 1975). Oral language serves the child as a 
means to construct meaningful patterns relating what is understood to 
what children need to understand. As the learners interact with their 
surroundings, tasks, peers and activities, concepts are enlarged, 
experiences re-shaped and insights gained. Language marshalls forces 
of attention, serving to attend and help execute the task. Inter- 
action motivates to put impressions in words, thus making impressions 
more precise. The struggle to re-present understandings in spoken 
form gives ideas Saree 

Given opportunity to talk, even young children seem able to 
manipulate concepts in the absence of a concrete referent. Children 
predict, speculate and reason by means of language thereby moving 
beyond the immediate to new arrangements and possibilities. The 


language of children interacting makes possible control over 
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comprehension and learning aiding the move to a more variable view. 

Third, the problem solving process begins with identification of 
the problem, which, for the child, is often the most difficult step. 
Once the problem is identified, for older children, in particular, the 
solution often appears to be obvious. Younger children, seven and 
eight year olds, search for solutions based upon trial and error, the 
referent being past experience, but the identification and the planning 
stages appear to be highly verbal. 

Fourth, activity, rhythmic behaviors, movement are a natural 
part of learning. The sitting-down child is surely a highly unusual 
phenomenon in real life experiences and also such in the learning 
experience. When problem solving, a tension appears to be created and, 
with the tension, children become more active but not less attentive. 

Fifth, small groups provide a supportive context for learning. 
Feedback is prompt, signalling success or failure. Disagreement, 
contrary to being defeative, spurs further activity and motivates. 
There appears to be strong cohesiveness and morale as well as 
commitment to the task. 

Sixth, an almost uncanny phenomenon appears to exist which 
permits the members of the group to be privy to information unknown 
to those outside the group. Unstated assumptions of the group members 
seem to determine the interpretation of the experience. It is as 
though the participants agree on how the talking will be done and how 
it is to be interpreted. The agreements seem momentary and the 
children understand each other because, for the while, there exists an 


assumed reasonableness of each other's statements. Out of fragmentary 
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data, reasonableness is constructed. Learning can be likened to a 
ping-pong ball where the move of each player is to some extent 
dictated by the previous moves of the other players. The children 
are active rather than passive players in their own learning. 

In summation, interaction enables children to pursue a problem 
more deeply, to ask questions, to try out ideas, and to finish working 


in a caring way. 
RECOMMENDATIONS FOR FURTHER RESEARCH 


The findings of this study have generated the following 
Suggestions for further research. 
1. Observation: The present investigation presented tasks at 
the symbolic level. 
Research Question: Would manipulative materials evoke 
similar language/thinking strategies and behaviors of young children 
while involved in partitioning tasks? 
2. Observation: In this study, the mathematical problems posed 
were partitioning problems. 
Research Question: hat would be the function of the language 
used by young children engaged in other mathematical problems? 
3. Observation: This study, concerned with the language/thinking 


strategies demonstrated by young children engaged in mathematical 


partitioning problem solving evidenced little use of imaginary language. 


Research Question: To what extent are the language functions 
determined by the pupils' perceptions of the context for that language 


and the kinds and levels of thinking required to solve problems? 
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4. Observation: The overriding function of the language used by 
children in this investigation was an endeavor to clarify thought 
throughout the problem solving process. 

Research Question: By replication of the study, could more 
conclusive information be derived from which generalizations could be 
made regarding developmental patterns concerned with growth in 
language/thinking strategies used in mathematical problem solving? 

5. Observation: In the present study, the lower the grade level, 
the greater the incidence of oral language generated. The apparent 
need to verbalize tended to diminish as the grade level increased. 

Research Question: Does the clarifying function of language 
diminish as the grade level increases or is the unprompted use of 
oral language inverse to the ease with which the solution to the 
problem is secured? 

6. Observation: Students at the grade two level probably would 
have neglected to review the solution to the problem without the 
intervention of the researcher. It seems unlikely that young students 
perceive the process of problem solving as an end in itself enabling 
them to learn the generalizations which will transfer ability to 
solve other problems. 

Research Question: Would discussion and oral study of the 
problem solving process directly evidence a transfer of training with 
significant success to new and unfamiliar types of mathematical 
problems? 

7. Observation: In this study the children talked spontaneously 


throughout the problem solving process. 
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Research Question: How does the verbalization of a problem or 
concept affect the way it is understood or learned? 

8. Observation: In this study, the children were persistent and 
successful in their efforts to unravel meaning, leading to subsequent 
solution of the posed problems. 

Research Question: What concepts, skills and predisposition 
are associated with success and pleasure in the learning and solving 
of partitioning problems. 

9. Observation: Rhythmic behaviors and sing-song were manifested 
by individual children and small groups when seeking to understand and 
plan the solutions to the posed problems. 

Research Question: Is this behavior characteristic of young 
children exposed to problematic situations? 

10. Observation: Though able to verbalize and reflect upon the 
necessary procedure to achieve partitioning in thirds, the task was 
arduous for the grade two children. 

Research Question: Is the inability to partition in thirds 
a perceptual problem characteristic of seven year old children? 

11. Observation: A knowledge of labels seemed evident when the 
task appeared to be relatively simplistic. 

Research Question: To what extent does the awareness of an 
appropriate label aid the recall of experience to contribute to the 
successful solution of a problem? 

12. Observation: The enhancement of problem solving by group 
interaction and group effect is very intriguing. 


Research Question: To what extent is the development of team 
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building influenced by prompting a sense of community? Furthermore, 
to what extent does a common purpose influence learning and problem 


solving? 
CONCLUDING STATEMENT 


Basic skills of thought, making meaningful messages and making 
sense of messages from others, are developed at the levels of 
experience and oral speech, i.e., within the socio-linguistic culture 
of the child. The matching of thought with speech and of the 
individual's own mind with the minds of others, through oral language, 
enables a child to make sense of the experience. Oral language 
serves to clarify problems as well as to find solutions by gradually 
enabling a child to access personal knowing, in order to come to know 
and to discover meaning for himself. Without the basic cognitive 
Skills—making messages and making sense of messages—the position 
of the learner is, at best, perilous. Otherwise, how can he advance 
toward the extended symbolic schemes of mathematics? 

In the context of problem solving, the role of oral language is 
crucial. It serves as a powerful means to aid children to build their 
Own connections between concrete-manipulative experience and the 


symbolic reality of mathematics. 
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"5 Akins Drive 
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Dear Parents: 
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Phone: 459-7746 


This fall I will be interviewing children at E. S. Gish School as a 


combined enrichment - research project in lanquage/mathemati 
education. I would like to videotape the interview sessions 
best method of recording the data for subsequent analysis. 


Cs 
as the 
Whenever 


the tapes will be viewed the identity of the children will always be 
withheld. Also, any written analysis of the data will conceal the 


child's identitv. 

I have the permission of both Mr. J. Bauman, Principal of E. 
School, and Mrs. M. Martin, Assistant Superintendent of the 
St. Albert Protestant Separate School District No. 6, to con 
this combined teaching - research study. 

If you have no objection to your child's participation being 
recorded in thesis format, would you kindly fill in the atta 
form and have it returned to your child's teacher. 


Sincerely yours, 


y 
Beryl Wales (Miss) 
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St. Albert Procestart Senavate 
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PLEASE DETACH AND RETURN TO YOUR CHILD'S TEACHER 
I am willing to have my child's participation in the research project 


in language/mathematics education documented. 


NAME OF CHILD: 
DATE: PARENT'S SIGNATURE: 
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I am willing to have my child's participation in the research project 


in language/mathematics education documented. 
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GRADE THO 


JOHN, INDEPENDENT 


Pizza, Problem One 


This is pizza problem one and what I would like you to do is 
decide how much pizza each child will get if you share the 
pizza fairly. Notice these are the boys and their pizza and 
Over here are the girls and their pizza. 


(Reads questions) 

How much pizza does each boy get? 

How much pizza does each girl get? 

If each child gets a fair share of the pizza, who would get 
more pizza—each boy or each girl? 

Does each boy get as much pizza as each girl? 

Pizza -- right -- it's confusing. Well, I think so -- if it's 
fair shares. ; 

How did you figure this out? Answer below. 

(Looks at teacher and rereads question aloud.) 

Hmmm. Do I just draw in the pieces here, to make fair shares? 
Maybe you'd better do the boys first. 

That's a question. He gets four pieces. (Draws) There. 

Can you tell me how much pizza each boy gets? 

Four quarters. 

What's another name for four quarters? How much has he got? 
(Pause) Four pieces -- that's one pizza. 

Now find out how much each girl gets. 

Okay. Just cut them like that. Okay. That's her pizza. 

Can you tell me why you're dividing them up? 

Yup. I'm dividing them up so each boy and girl get -- like -- 
four pieces. Cause if I was dividing them up into four over Uae 
and three over here it wouldn't be fair shares. 

That's true. 


Hmmm. 
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How much pizza does each boy get? 

One whole piece -- actually one pizza. 
How much does each girl get? 

One pizza. 


If each child gets a fair share, who gets more, each boy or each 
girl? 


They get the same amount. 
Does each boy get as much as each girl? 


Yeah. 


Pizza Problem Two 


This is pizza problem number two and what I would like you to do 
is decide how much pizza each child will get if you share the 
pizza fairly. Notice these are the boys and their pizza and 
over here are the girls and their pizza. 


(Reads questions) 

How much pizza does each boy get? 

How much pizza does each girl get? 

If each child gets a fair share of the pizza, who would get more 
pizza—each boy or each girl? 

How did you figure this out? Answer below. 

(Looks at teacher and rereads question aloud. ) 

Hmmm. These are the same questions. Fair shares? 


It should be in fair shares, right. You have to consider fair 
Shares. 


Make it equal to six pieces -- across and -- three boys -- no -- 
eraser -- 


What are you trying to make? 

Pieces. 

Why? 

So each boy gets one fair piece of pizza. 


It won't bother you if I sit here and sort junk will it? 
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No. (Whispering) Like that. 
Why did you divide it in threes? 


So each girl gets one piece of pizza so it will be even with 
the boys. I divided it into three. 


Okay. How much pizza does each boy get? 

One piece of pizza. 

Out of how much? 

Out of three pieces. 

Do you know a name for that. One out of three? 
One divided by 3 is 2. 

Okay. What about the girls? How much does each girl get? 
One pizza divided by 3. 

Do you know the name for that? 

One divided by 3 equals 2. 

Can you write 1 divided by 3? 

-- dividing sign? 


How do you think it might go? Any idea how. Take a guess. 
How do you think it might go? 


Hmmm. 

Where would you put the 1? 

This, | and 3 over here. ( ee 

Can you look at that. Do you know a name for that? 
Not really. 


Okay, let's do the next question. And it says, who would get 
more pizza each boy or each girl? 


I think they get the same amount—cause each boy gets one piece 
of pizza out of three and each girl gets one piece of pizza out 
of three. 
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So the next one says, does each boy get as much pizza as eac 
Gaelic 


Yeah. 


How did you figure it out? Now, you don't need to write it. 
You just tell me. 


I figured it out by starting in the center and drawing three 
lines out from it. 


Why did you do that? 

So I can look through this straight and see if it's -- equal 
llow many pieces were you trying to get? 

Three. 

Why did you need three pieces? 

I needed three pieces cause there is three boys. 

Now tell me how you got the girls. 


I divided the girls up into groups, three groups, this pizza 
this pizZa,othis, pizza: 


Good. Then what? After you divided the girls, what did you 
I drew the lines so each girl got one piece. 

Out of? 

Out of three. 

So you had basically this didn't you. This -- 

One, two, three. 


So you got the boys figured out and the girls figured out. 
what did you do? How could you tell they got the same? 


-- I took -- took them out of one pizza and put it with the 
other and the other. 


That was smart. 
Then one pizza is for -- each three. 


So then you looked at what the boys got. 
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Umhumh. 


Then you looked at what the girls got and you decided they got 
the same. That's good. Okay. Put your name on that. 


Pizza Problem Three 
You're pretty good at this. This one is a little tricker, not 
much but a little. 


-- Cause this girl doesn't have a pizza. I don't want that one, 
this girl gets one whole pizza these only get a half. 


So, try to think of another way. 


This one is tricker. There's three for one here and there's 
three for two here -- might be easier -- this is really tough. 


Buteleme sure-you:can*do, it. 


-- three boys, let's see. I put -- pizza in halves and half left. 
(Long silence) 


What else could you do? 
One pizza at a time, have to cut it into -- pieces -- 


Then what would you do with the next pizza? What would you do 
with the second pizza? 


Give it to the girls. 
No, you can't do that, that's the boys. 


I think I'll try that -- that's two each. There -- and there. 
(Whispering) 


Did you get the boys? How did you do? 

The boys get two pieces. 

Okay. Now, let's see how you figure out the girls. 

Probably the same way -- She's for that pizza. She's for that 
pizza. She's for that pizza. -- That would be two girls for 


another pizza -- think it is one pizza -- eight pizzas -- four 
more pizzas -- 
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I'm going to leave you for a few minutes and just study while you 
can get that. I'll put my money on you -- if I give you time. 


(Long silence) 

I don't know how -- where's that teacher? 

Well, how are you doing? 

Not too well. 

Tell me what you've done so far, or what you've tried to do. 
I was trying to -- these girls one pizza -- of girls -- 

Two, three for one. Is that what you're saying? 

Ummhmm. 


One, two three, for one, two three for one, you're on the right 
track. I think I left one. How many pizzas left over? 


Four. 

How many groups of girls do you have?” 

Four. 

So what could you do with the four pizzas that are left over? 
Qne more pizza for each group -- 

Now you've got how many pizzas for each group? 

Four. 


You gave one to each group. If you give another one, how many 
pizzas is that for each group? 


(Silence) 


Okay. You had one and you said you gave them another one, so 
they would get how many? 


Two. 
-- SO -- 
How am I going to divide it? 


You're right on. 
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Oooops. 

Well, how much pizza does each boy get? 
Two pieces of pizza. 

Out of how many? 

Three. 

Out of three pizzas? 

Out of six pieces. 

How much do you get out of each pizza? 
How much did you get out of EACH pizza? 
Umh. 

One piece. 

Ouc ot? 

Se 

Six pieces in One pizza? 

Well, three. 


Okay, so then tell me again how much does he get out of each 
pizza? 


He gets one piece out of three pieces of pizza. 

Okay. Now what about the girls? How much does each girl get? 
Two pieces out of six pieces. 

Or? 

One piece out of the big pieces. 


So if each child gets a fair share, who would get more, each boy 
or each girl? 


They would get the same amount. 
How do you know? 


Cause if it's fair shares, fair means you get the same amount. 
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How much did each boy get? 
Two pieces. 
How much did each girl get? 


Two pieces. Then it says does each boy get as much pizza as 
each girl. Umhum. 


Then it says how did you figure it out. Now we have to think 
back about what you did. What's the first thing you did? 

When you started to get the answer, what did you do first, the 
boys or the girls? 

The boys. 

Then what did you do? 


I -- I cut this pizza into three pieces. (Cause there was -- 
three boys. 


And then? 

I cut up three more pieces. 

How did you share them? 

I gave each boy two pieces. 

Now let's look at the girls ‘cause that's what you did next. 
After you fooled around for awhile then you got on the right 
track. What did you do? llell, first of all, vou divided up 
the girls, didn't you? Then vou gave each group of airls -- 


One pizza. 


-- and you had some left over. So what did you do with the left 
Overs. 


I gave the left overs to the groups. Each group gets two pizzas. 
Then -- you were so close, what did you do next? 


I divided the next pizza up into three so each girl gets two 
pieces. . 


Right -- and then -- How did you find out if the boys had as 
much as the girls? 


I took my fingernail and measured it. 


And you also saw that the boys got how many pieces? 
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Two. 
And the girls got -- 
Two. 


-- that's long enough -- Put your name on the page. Do vou need 
a rest? 


No. 


Pizza Problem Four 
Okay. By the time you're through you're going to be the best 
pizza cutter in the world. 
Oh, oh! Now look at all the boys. 
I'll just leave you to puzzle it out. 
-- some pretty tough. The girls are easy to divide. I know it. 
(Whispers) -- It wouldn't work. Two bovs got one pizza cause 
there will be one left over. I'm thinking about two boys for 
One pizza but then there's one left over. One boy left over. 
And one pizza. 
So what would you do? 
What would I do? -- three pieces, no | have tO.=5 


Remember it has to be fair shares. 


It can't be. One guy gets one whole pizza and one guy gets an 
itsy bitsy piece. 


Right. 
They would be a little hard cutting into seven pieces. (To self) 
What did you say? 


It would be a little hard cutting it into seven pieces again. 
(To self and looking at second pizza) -- might get two pieces. 


Let's see how you can do it, the best way you can do it. 
-- turn it around -- sure I could do it. Four -- half. I know. 


TPe-Ecut Ceinto five pieces =e 2 Syd, SY 6-72" © P've*qot 
seven pieces. What's my answer? 
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Well, what's your first question? 


My first question -- get how much. Two pieces -- one piece -- 
I think. 


How bia is each piece? 

That the girls get? 

Umhum. 

A half a pizza. 

Let's go back to the boys. How much did each boy get? 
Two pieces (inaudible) I think. 


Now you said that each child gets a fair share of the pizza. 
Who would get more, each boy or each girl? 


Each boy, two pieces. 

How much does he get? More or less? How would you figure it out? 
(Inaudible) Each girl would get a half a pizza. 

And each boy? 

Four out of seven. 

-- four -- right. So who gets more, each boy or each girl? 


(Inaudible) Let's see. (Looks at picture. Folds 4/7 over 1/2.) 
The boys. 


Pizza Problem Five 


Here's problem number five and let's see how you try and do it. 


Two pizzas for two people and there would be two left over. So 
that micht be three pizzas for two kids equals three pizzas for 
two kids. So I think they have to go that way. 


What about the girls? 


That's a little tougher. It's two for three. It has to be 

two for three. How can I divide into four pieces? -- get three 
pieces, so half right in the middle -- one, two -- there's two 
for three, two for three, and two for three. Each girl gets 
three pieces -- three pieces. 
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Pretty quick. How much pizza does each boy get? 


(Reads the questions.) How much pizza does each girl get? If 
each child gets a fair share of the pizza, who would get more 
pizza each boy or each girl? If they got fair shares they would 
have the same amount. 


How much pizza does each boy get? 
In a group? 


Well, there's six pizzas. How much of the three pizzas goes 
together? 


How much does it go together? If you put them together that 
would make one pizza and a half. 


How much does each girl get? 


A pizza and a half. The two halves together and you would have 
one more half left over so it's three pieces -- It's a pizza and 
a half. 


Good. Then it says who gets more each boy or each girl? 
I think they get the same amount. 


How did you figure it out? Just tell me. You don't need to 
write it. 


Okay. I figured it because, first I tried two people for -- 

two boys for two pizzas. That didn't work. So I tried three 
boys for -- two boys for three pizzas and then they had -- I 
divided so -- so that each boy gets same amount. Then girls 

by three pizzas for two girls and then I drew in a line to divide 
the pizza in pieces. That's how I figured it out. 


Pizza Problem Six 


Here's pizza problem six. 


Oh, on! I know -- the girls aren't hard... [ets see 14 1 can 
figure out the boys. Let's see. One for one pizza. Nope that 
didn't work. Two for one pizza, no. Three for one pizza. Oh, 
oh. I took my name -- seven boys and three pizzas -- give one 
pizza to each boy, there would be four boys left over. 


What happens if you try doing it the same way as the girls? 
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Umh. So that would be -- divided like that, so if I divided it 
like that -- I think I know what would happen -- I'll see. If 

I divided this way -- these guys get it -- three -- these guys 
would get this. Then this guy would get that -- This one doesn't 
get near fair. He's not having a fair share. ‘Cause these guys 
get a small piece and he gets a great big pizza. Cut it into 
seven pieces. 4 

-- What should he have? 

What he should have is something like that. 


I know, get seven more pieces -- cut this into seven pieces 
but then it won't be fair shares. Let's see -- umm. 


Can you tell me how much each boys gets? 

One piece. 

How big is that piece? 

How big is that piece? 

One piece out of how many? 

Three. 

Okay. How much does each girl get? 

One. 

Out of how many? 

Out of three. 

What are you going to do with that left over part? 

I don't know. (Pause) Cut it into seven more pieces! 1, 2, 3, 
4, 5, 6, 7 -- more pieces have to go. Not big enough -- I 
divided the one piece left over. 

You took this piece out and then what did you do? 

What's left? The pieces that I cut out for the boys were seconds. 
What did you divide that into? 

Seven pieces. 


Why was that? 
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There was seven boys here and each one of them got one piece 
and there still was some more left over so I decided to cut 


that in sevens. -- One more time, so they each get two pieces. 


Good. Then it's pretty easy to see who got more. 
Who did you say got more? 


The boys! 


Pizza Problem Seven 


Girls six -- It gets tougher all the time. 


You think it’s pretty tough for you? 


Not really, but I can't wait to see what eight is. 


have to. 
See how you'll handle that one. 
I should. 


I think vou'll do it. 


Right. 


But I'l] 


Should I give one pizza to each girl, there is two pizzas left 


over. 


Then what happens if you do that to the girls? 


I give one to each, the whole -- no there's three left over. 


Maybe a puzzler? Want to continue? 

Hum. 

Do you want to continue or do you want to stop? 
Eight, continue. 

Continue on seven. 


I guess so. Only way I'll get it done. 


You don't have to you know. I don't really expect vou to get 


seven. Can you tell by looking who would get more? 


pretty tough isn't it. 


Hum. Yeah. I think I'll quit. 
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GRADE TWO 


GROUP: ANNIE, HELEN, KARLA 


Pizza Problem One 


This is a problem about sharing the pizza. What I would like 
you to do is decide how much pizza each child will get if you 
Share the pizza fairly. Notice these are the boys and their 
pizza and over here are the girls and their pizza. 

What are you doing? 

I'm putting on the pepperoni. 

Why is that? 

‘Cause these pizzas only have cheese. 

Oh. 

Do it later. 


(Read questions out loud to the self. Read questions out 
loud to each other.) 


hookwitte e263, 745255 6.37%, Theregswseven pizzas cand 
there's. 14.25. °35.4,.-5,.6.. /—7 kids: 


beer get Gseo510sa/. |, 62. Suet, 5, 6, 7. Yeah. 

So they each get one. 

Yeah. They each get one! 

Do we put a ring around them? 

Whatever you want. You're the ones who are sharing the pizza. 
Put a ring around. 

What are you doing now? 

I'm putting it in his hand so he eats it nicely. 

Yeah. Cut it in pieces -- the same kind of pieces. 


Make sure they're the same. Cut them right. 
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There. I'm done. 

There. I'm done. 

Yours are different than mine. 

Doesn't matter long as they're the same. 

Oh. 

Let's see. Now let's do the questions. 

Yeah. 

(Read aloud all of the questions in sequential order.) 
Who writes the answer? 

We all do. She gave us each a page. 

How much pizza does each boy get? One. 

How much pizza does each boy get? One. One whole pizza. 


How much pizza does each boy get? One. One whole Daze 
Now, How much pizza does each girl get? One. 


One. 
One whole pizza. That's a lot, you know. 


Does each boy get as much pizza as each girl? Yeah. They 
each get one pizza. 


Yes; ‘cause its fair shares. 

Yes. One; 

How did you figure this out? Answer below. 

How did you figure this out? Answer below. 

Do we write that down? 

No, you can just tell me. 

What did we do? We looked at the pictures and -- 

And we counted the pizzas and we counted the kids and -- 


Wie knew each one got one pizza. 
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And we put a ring around. 
There, we're done. 


That was simple! 


Pizza Problem Two 


This iS pizza problem two. What I would like you to do is 
decide how much pizza each child will get if they share the 
pizza fairly. Notice these are the boys and their pizza and 
over here are the girls and their pizza. 

THiS. 1s narder. 

No. This is going to be easy. Seven - eight - nine. 

What's your first question? 


(Read all the questions out loud at various speeds: (1) to 
self, (2) to others.) 


Well, you'd better do the boys first. 
Okay. 

Threew sNo*% 

One piece each. 

Three. 

And I know how to make it too. 
Thdon; t* 


You go like that, like that, like that hmmmm. (Partitions 
inathirds.) There. Like that. I made it: 


You'd better show the others how to do it. 
How did you do it? 

There. (Shows her work. ) 

How did you do it? 


Just look it. (She shows her work.) 
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Those aren't even. Tricky, but not for me because I did it 
before. I did it when we were playing on the board. 


I did it! (She shows her work.) 

It's still not even Karla. 

Look, one - two - three. There's three there. 

Yes, but they're not fair. 

Let's see. 

There's three, but thev're not fair shares. 

Let's. see yours. 

Here's the pizza and there's the middle and so you go (she 
begins to divide the pizza into three fair shares) like that, 
like that and that. 

Oh, I see. 

Ohi) L-see. 

(Passes her work over.) Is that better Annie? 
(looksatethetorzzas) 1<No. 


I know another way of making three fair shares. See, like 
this. You can make a "T" like this. One - two - three. 


There's three but they're not fair shares. 
Let's see yours. 


Okay, here's the pizza and here's the middle. And you go 
there, there, there. (Demonstrates) 


Oh, I see. (Erases and tries again.) There, is that better 
Annie? 


No! 


I know another way of making three. See? Like this. You 
can make a "T" like this. See? One - two - three. 


A "T"? Okay, now here's the circle. (Demonstrates again. ) 


One - two - three - four. Hey, that's not fair! That's not 
fair! (Looking at her own work.) 
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Because they're not fair, they'll fight. 

Well, you've got the boys figured out, so now get the girls 
figured. (They read the questions aloud again, continually, 
to themselves and to the others.) 

PeVec Si lee ca Oye tad oe, O's .-/.5 Ope dia) Se 

There are nine girls. 


Ten girls! And there's only three pizzas. 


Three girls will share one pizza and three girls will share 
One pizza and the other three will share the other pizza. 


Yeah. 


(Monitors, recounting the girls and counts nine.) Nine - 
there's nine kids. 


Three plus three plus three equals nine. 


So these guys can share three and these guys can share three 
and -- 


Okay, SO there's one, two, three; one, two, three; one, two 
three. Oh, oh, I didn't make it right this time. Where's 
the eraser? Here it is. (Erases.) Now let me check how I 
did it last time. There's one going down like that to the 
middle and one going like that and one going like that. 
Like that Annie? 

(Looks) Nope. 

Oh. (Erases) 

I did my own. 


There, I did it. I did it! No good. Annie, how did you do 
that? Will you do it for me? 


No way. 


Why not? Why not show them how to do it? Show them carefully 
how to do it. 


That's sharing and that's co-operation. 


You make a circle here, and here's the circle. Look at the 
circle, there. Now there's the pizza and here's themiddle and 
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then take the middle of the pizza and go like that and that 
One goes like that and that one goes like that. 


Like this, Annie? 
Yapeuthat*s right. 
That's right? 

Yup. 


(Talking to herself.) No, there's four. Can I use the eraser, 
Angie? Okay Karla, now there, there's the middle -- 


I KNOW how to do it! 


(‘lorking on her own.) If each child (reads the question to 
herself) -- 


Three each. 
edicts it. ook! 
No. ucLook! *'Stri Vhu--=look. ‘See? 


There - there - there. (She's re-drawing the pizza into 
thirds...) 


Let's go back. How much pizza does each boy get? 
One piece each. 

Out of how many? 

One pizza. 

One pizza. 


One piece out of one whole pizza. That's right. But also, 
One piece out of how many pieces? 


Oh. 

Hmmmm . 

One piece out of -- 

(Counting the pieces.) One, two, three. 
One out of three. 


Is there a name for that? 
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Wait a second, I'm not done. I'm not finished - I've got to 
record this. (To herself more than anyone. ) 


(Still drawing thirds.) Like that Annie? 
Hmmm. 


There, like this? I did it Annie. See Annie? See, look, 
One - two - three; one - two - three. 


I'll show you one more sample. Now watch. See? (Shows her.) 
Okay, show me. 


There's the middle and vou go out and then like this and then 
Straight down. 


(Self talk. Inaudible.) (Shows her drawing.) Is that fair? 


No, you did it wrong. (Corrects the drawing.) Like that - 
there. 


Oh, I know now. Hmm, hmmm, hmm. (Monitors her drawing.) You 
go up and then you go -- like this Annie? 


How much pizza did each boy get? 

One piece each. 

Out of? 

One pizza. 

How many pieces in one pizza? 

Three. 

Three. 

Three. 

So that's one out of? 

Three. 

(Still working on drawing thirds.) I'm worried about this 
drawing. Hmmm. I don't draw very well. (Erases) (Self talk) 
That goes up, that goes out and that goes like that. Like 


that, Annie? 


Yup. 
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(Busy spelling "piece.") One piece P - I - E - C - E each. 
Okay, I'll tell you what I wrote. Okay, how much pizza does 
each boy get? I'l] tell ya. I wrote - "They each get one 
piece out of three pizzas." And then for girls I wrote - 
"Each girl gets one piece out of three pizzas." 

Out of three pizzas? 

Out of one pizza. There's three pizzas. 

Three pizzas! There's three pizzas! 

Out of One pizza. 


There's three pizzas and each girl gets one from out of three 
paizgzass 


One pizza. 


Each girl gets one out of one pizza. Each girl gets one out 
of one whole pizza. 


BUT there's three pizzas. 


One group of three gets one, one group of three gets one and 
One group of three gets the other one. 


Yeah, each girl gets one piece out of One pizza. 
And the boys? 

They each get one piece out of One pizza. 

One boy gets each one piece of pizza? 

Out of how much? 

One. 

One pizza. 

Do your next question. 


(They read the next question, Does each child get a fair 
share? They're all whispering and talking to themselves. ) 


They get the same amount. 
Karla, read the question again, very loud and to everyone. 


(Karla reads.) Each person would get the same amount. 
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How. would you know? 

Because there are three pizzas for the girls. One group of 
girls would get one - one group of three girls would get one 
pizZa, one group of three would get the other and the other 
group of three would get the other. 

What about the boys? 

The boys -- well, we split it in three pieces so one boy can 
have one slice, the other boy can have the other slice and 
the other boy can have the other slice. 

Do you all agree? Well, how did you figure it out? 


Because we counted the pizzas and we counted the things 
together. 


And we counted them all and see, they all get the same. The 
girls get as much pizza as the others. 


Wait a minute, wait a minute. If each child gets a fair 
Share, what about this? 


Does each boy get as much pizzas as each girl. How did you 
figure it out? 


Yes. And then how did you figure this out? 


No, we're not supposed to do that. 


Pizza Problem Three 


This is pizza problem three. What I would like you to do is 
decide how much pizza each child will get if you share the 
pizza fairly. Notice these are the boys and their pizza and 
over here are the girls and their pizza. 


(They all read the question out loud, seemingly to them- 
selves and then to each other.) 


Hmmmm. Cause since there's two pizzas and we have three boys -- 


They each get three. They each get three pieces. I'11 show 
you. » See? 


No. 


This guy gets one - two - three. 
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No, not necessarily. Oh! Each boy gets two pieces. 


Yeah, that's what I meant. See? One, two. One, two for 
him, one, two for him, one, two for him. 


Do you agree on that? 
Yeah. 

T-W- 0. 

Put the number. 


Therevare’ |, 2, 35°42) (Each’ counts aloud, singlely to 
12. Helen is slower.) 7, 8, 9 -- 


How do you spell pieces? 
P - I - E. So there's two pizzas for each group of girls. 


How much pizza does each girl get? (Counts to herself.) One, 
two, three; one, two, three. OQopsee. One, two, three. 
Everybody just stop and listen for a minute. It says how much 
pizza does EACH girl get? We're supposed to count the girls 
and then count the amount of pizzas and then if there are eight 
girls, say, Okay, so -- 


Pe Ce oe oO yc One ONG uh Sf 

Twelve girls. 

There is? 

(Count aloud. ) 

Twelve girls and there are only 1, 2, 3, 4, 5, 6, 7, 8 -- 
and there are eight pizzas. Four plus four equals eight - each 
girl would get two pieces! Each girl would get one piece 
each? \lho agrees on that? 

Not me. 

We haven't figured it out yet - how to do it. 

Okay, there are eight pizzas and twelve girls. And four 

and four is eight. Four plus four is eight. You guys, four 
and four is eight. There are 1, 2, 3, 4 -- 8. This is a 


hardy! 


This girl can have one and this girl can have one and this 
girl can have one -- 
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This girl has one, this girl can have one, this girl can have 
one -- 


See what I mean, Kara? 

Whoops, that's not right. 

Pouce lusntour.is,eight...Four pluses toursiseeiqnt..S0i-4522540. 
4, 5, 6, 7, 8. There aren't enough pizzas. So that means we 


have to take away. 


I'm making them into groups. There are two pizzas for each 
group of three kids. 


Who agrees on that? 


Me. 


Me. What did you say Annie? (Begins to monitor writing "There 


are.."), Should. weswrite: 1-..2, 3, 4, there?s- 12 girls? 


Thereiwihl bedl2apieces#leftwo Countszatoudy)e Wyr2$ 39 4, 5, 
Ga v/iges, Toe OFC Hil esl3. s4roh. 


Yeah jhthatussnightsaulifcounted it. 
Each girl gets one piece. 
No, each girl gets two pieces. Yeah. ‘Je figured it out. 


Yeah, each girl gets two pieces. Who agrees? Do you agree 
that each girl gets two pieces? 


Yeah. 
Yeah. 


(Monitors as she writes the answer.) Each girl gets two 
pieces. P-I-E-C-E-S. 


(Reads question aloud.) If each child gets a fair share of 
the pizza, who would get more pizza? Each boy or each girl? 
Each of them get the same. 
Each of them get the same. 


Now how did you figure that out. Annie, how did you figure 
jt out? What's the first thing vou did? 


I made them into boxes. 
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We made them into boxes and then we figured it out - then 
we figured out how much each girl got. 


You had to put - 'T' in the centre. 


I put the girls into boxes and the pizzas into boxes of two 
and then I cut the pizzas into -- Then I put the pizzas into 
pieces. 


She divided them in three. Two pieces each. 
Yeah. 
And how did you figure it out Karla? 


Like, well, I counted them out and there are three pieces in 
each one, right? Each one here and you divide it -- 


You never drew it. 


I did it in my head! There are two here. There are only 

two pizzas and two -- well two pizzas and three girls so I 
divided them into pieces - three - pieces I had three pieces 
in each one. And then there are two in there and two in there 
and there wasn't enough left. So in one I had one more left 
and in the other I had one more left. So then I took them and 
I added them together and that made two so each girl got two. 
One got two and this one got two and this one got one from 
there and one from there - that's two! 


Are you tired or would you like to do another one? 


le want to do another one. 


Pizza Problem Four 


This is pizza problem number four. Tell me how you would 
Share that pizza. 


There's more boys than girls this time. (All read the 
question aloud.) 


This is what I do. I don't want to read all of them at the 
same time so I go like this. How much pizza does each boy 
get? (She covers up the others with paper.) And then I 
move it down and I read the next one. Be quiet - the thing 
is on. HOw much pizza does each boy get? Now the first one 
says "How much pizza does each boy get?" (Repeats) 
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Hmmm . 
Now the first one says how much pizza does each boy get? 
Wed.te <thevess 1. Zoro. 94s 


Four pizzas and I made a dot in the middle okay. So this one 
would belong to these guys and this one would belong to these -- 


Yeah. 
These two would belong to these three. 
Yeah. 


Well, there's three here and there's three here and there's 
One guy left, Karla, and he eats a lot. 


(Counts aloud.) One, two, three; one, two, three; one oh, 
oh, we've got a problem. 


This is a problem with no answer. 
Oh, this problem's hard. Seven boys. 


Yeah, seven boys. I don't know how many pieces there are. 
I have to erase it. 


No, no, no, no. Two for them, two for them, two for them. 
Each boy .gets two. This boy gets a pizza and he will share 
with this guy, and this boy gets a pizza and he will share 
with this guy and this boy gets a pizza and he will share with 
this guy. This boy gets a pizza and he doesn't have anybody 
to share with so what he will do is -- 

So how will you share them so that they are even? 


One, two, three. One, two, three, four. That makes seven. 
(Tries thirds and quarters. ) 


Yeah, wrom sureaieeah, that's) fair: 
If that's into four pieces? 

One, two, three. 

(Count the number of pieces aloud.) 


Yup. Well, there's three pieces here and four pieces here. 
One's left and mum can put that in the freezer. 
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There's six men here - I've got a better idea. I have an 
idea. Okay. Since there are seven boys and there are only 
four pizzas, two boys can go together. Two boys can go 
together and this one -- 

(Interrupts.) And then there will be three left over. 

Then these two boys can go together and these two can go 
together and this one can be left over, and then -- I've 
got it Angie! 

What are you going to do if there's pizza left over? 

Well, these two can go together. 

These two can go together. 

What did you say Angie? 

Two pieces for each boy. 

How did you do that? 

And then they get two and they get two and they get two and 
thererss one there. “And®there®s*one piece ofepizza Tert 
over they can give to the dog. (Still working.) And there's 
one there and one there. 

Do you agree Annie? Okay, we divided the pizzas in half. 
See there's three boys here - this boy can have one, this boy 
can have one. This boy can have one and then there's some 
left so this boy can have one. This boy can have one and 
that boy can have that. And that boy can have that. 

I have a better idea. 

(TotKayia-) is that fair? 

I don't know. I'm not done yet. 


Yup, mine is fair. 


Mine is fair. (Checking the pieces by counting aloud again.) 
(To Helen.) How come you're making X's. 
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All these four boys can share out of these two and these 
three boys can share out of these two. 


I think we should take these pizzas and make them into three. 
We can go -- 
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Four pieces in this one, four pieces in this one -- 
I'll read the question. 


We'll have two pizzas with four and two pizzas with three. 
Come here, I've got the answer. These guys can share that 
four, these guys can share that four and these guys can share 
this four. That solves it. 


Maybe you'd better take a look at the girls. 
Oh, this is simple. 
Yeah, we did this in the other one. 


You just cut the two pizzas in half and these guys can have 
two and these guys can have two. 


So why don't you do the same thing for the boys? (Blank 
stares.) Have you tried? 


Yeah. 


We did two. These guys had two, these guys had two. These 
guys had two. And there's one and one left over. IWJho agrees 
on each girl gets one-half each? Who agrees on that? 


(Talking about the boys.) These two boys can cut the pizza in 
half. These two boys can cut the pizza in half. These two 
boys can cut the pizza in three halves. I put three pizzas 
into four and one pizza into three. 


There will be one more piece left. 


I had an answer but we cut this one in half and this one in 
half and this one - and then there will be four pieces left. 


I have an idea. This is what we can do. Since there are 
four people, we pick four people and we give them all half. 
And then there will be one left and then all we have to do is 
take that one and put it in three pieces. And then there 
will be two more pieces and one person can have one ba and 
One person can have the other. 


So tell me how much each boy gets. 


Each boy gets one pizza and another boy gets one half of a 
pizza and another boy gets -- 


Wait, wait a minute. That doesn't sound fair to me. One boy 
gets a pizza and the other boy only gets half a pizza. That 
does not sound fair. 
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So take a look at the girls. How much pizza does each girl 
get? 


For the girls I have an answer. Each girl gets a half pizza. 
Each girl gets a half a pizza - a half of one pizza. Do you 
agree? 

There are four girls and there are two pizzas and we can 

split one pizza in half and then the other and then that would 
be. fain.p.sJd.split.the pizzas.into four and I had two groups 
and each girl gets two pieces. 

But that's the same as this, Annie! When you split it in half 
it's still the same thing - you get two pieces and that's the 
Same as one half. 

So how much does each girl get? 

One. 

One whole pizza? 


One slice each. Each girl gets a half a pizza. Each boy gets 
a halfvotraspizza. 


A half? 


A half I think. I'm not the one who figured it out. Karla 
figured it out. 


So who gets more? 

Each grin 

Each boy. 

Karla, we haven't figured out the boys yet. 

Let's skip the boys out. 

No way. 

Okay, let's just read the next question. 

We can't do that Helen, until we do the bovs. 
(Reads "How did you figure it out? Answer below.") 
Helen, that's what we are trying to find out. 


I think we should split this into four. 
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What I agree is two boys get a half of this pizza, two boys 
get a half of this pizza and these three boys get -- 


Hmmm. 

Two pizzas. 

You're awfully close. 

Since there are three boys left -- 

Yeah, hey, yeah. 

We put a half to this boy and a half to this boy. And then 
we get this pizza and this boy can eat just one-half and one- 
half will be left over. 

So, how much does each boy get? 

One-half of a pizza. 

So what are you going to do with the half that's left over. 
I know! They can share itl 

How? 

Spe te ain ne Lan 

Split it in more pieces. 

Nol Each .take-ay bite out-of at. 

Okay, so who gets more? 

The girls. 

The boys. 

Which one, the boys or the girls? 

The boys, because each boy gets a half. 

Yeah, each boy gets a half of the pizza and after they eat 
the half then they can each get a little bite of the other 
half. After thev each have one half a pizza then they each 


get a little bite of the other half so the boys get it. The 
boys get more. 
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GRADE FOUR 
GROUP: MATHEW, WILLIAM, BRENDA 


Pizza Problem One 


A pizza each. 

A pizza each. 

(Read the questions aloud and answer in sequential order. ) 

- both - neither - the same amount. 

- Yes. 

- How did you figure it out? 

Two pizzas and two boys and then each boy gets a whole pizza 
and then there's five more pizzas and there's five more girls 
so they don't have to divide it cause you can see that they 
each get a whole pizza. Instead of having to divide it into 
pieces -- they each get a whole pizza. 

Yeah! 

Like if there was one pizza you would have to divide it 


into five pieces - maybe six and one left over but here they 
each get one whole pizza. 


Pizza Problem Two 
Divide it into three. 
Divide it into three. 
Okay. How much pizza does each boy get? 
One third. 
‘Write down one third. 
I'm drawing mine. lIhere's the eraser? It's not even. There. 
How much pizza does each girl get? 
One third. 


A third each. 
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(Reads aloud) "If each boy --" 

Neither. 

The same amount. 

Is there a word for the same amount? 

Equal. 

(Reads aloud) Gece each boy get as much pizza as each girl?" 
Yeah. 

(Reads aloud) "How did you figure this out?" 

We divided it into one-thirds. Like the boys got one-third 
because they wouldn't all get the same amount if you cut it 
into four pieces. Then there would be one piece left over. 
And if a piece is left over, they'd probably be arguing. 
Who'd get the last piece? 

There's three pizzas and twelve girls. 

No, nine girls. 

And if the bovs got one-third of a pizza each and there's 
three pizzas for the girls then divide the girls into thirds 


and each third of the girls gets one pizza. Then you divide 
that pizza into the thirds like the boys. 


Pizza Problem Three 


(Reads) "How much pizza does each boy get?" 

(Moans ) 

I think I have a solution for this. Sounds a little wacky 

but -- Since there's only three boys and two pizzas these 

boys could get two-thirds. Like you can make it into thirds 
and then this boy gets one-third from this pizza and one-third 
from that. 

Right. (Whispering. Erasing.) (Monitoring own work. ) 

Each boy would get two pieces of pizza. 


Each piece is one-third but they each get two-thirds in all. 
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Now, what about the girls? (Counting girls and pizzas.) 
It's the same as the boys. 

(Drawing) 

Okay. That's two-thirds. 

This piece. This piece. And this piece for the third girl. 
Three girls and two pizzas. 

(Self talk: monitoring. ) 

Okay there's 12 girls. 

You can see. 

Three girls to two pizzas. 

So the same as the boys. 

Each girl gets two-thirds of a pizza. 

Yup. 


(Read and answer each question in sequential order.) 
How did you figure this out? 


Figured it out to split it up into three thirds and then if 
One boy got one piece of pizza, then the other boy got one 
and the other boy got one. 

There would be three pieces left over. 


Yeah. 


There's twelve girls. An even number. And an even number of 
pizzas. 


What made you decide to trv thirds on the girls? 


Well, because there's sets of three on the girls and sets of 
two on the pizza. 
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Pizza Problem Four 


Oh. Look! 

Gessh! (Pencil tapping, while monitoring detail.) 
Do the girls first. 

Yeah. They're the easy ones. 

Each girl gets one-half of a pizza. 


Yeah. Mathew, right. How with the boys -- (Monitor the 
detail.) 


Wait that might be it. ‘Won't work the same. 

I think this will work. No it wouldn't -- could everybody 
get the same amount? Okay. (Tries solution of girls.) 
That wouldn't add up the same. 

We haven't tried fifths yet. 

I have an idea. 

(Monitors detail, taps.) 

Put it into sevenths. (Taps) 

Seven boys. (Taps) 


Put it into sevenths -- so it's seven pieces. 


Uh, uh. You can't divide an uneven number (seven) into an 
even number (four). 


Why not? You can divide it. You could do that. Then they 
each get four pieces. 


Mathew, there's seven boys and there's four pizzas. 


I know. Divide each one into seven and then they each get 
four pieces. 


That won't work. There's an uneven number of boys and there 
has to be six boys. 


That's with numbers, not real things. 
Oh. Oh, yeah! 


Yeah, that would work. (Monitoring the activity.) 
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Yeah, but what about the other pizzas? 

Do it the same way. 

(Monitoring. ) 

Yeah, they each get four-sevenths of a pizza. 

(Read each and answer each in sequential order.) 

1. Four-sevenths. 

2. One-half. 

3. Boys get more. Each boy. 

See four-sevenths is more than one-half. 

Yeah. 

4. Each boy gets more. So -- no. 

5. We counted out how many bovs there was. Then we counted 
how many pizzas and there's four pizzas and seven boys as 


sO we divided them into seven -- 


And there's four pizzas and we did that on all four pizzas 
SO each boy would get four pieces -- four-sevenths. 


And for the girls we split it in half. 
‘Cause there's two pizzas and four girls. 
How did you figure out who had more? 


Well four-sevenths is more than a half. 


‘Cause four is more than three and three takes up less than -- 


well the four must go into the half way mark of seven. 


Pizza Problem Five 


(Monitor the detail.) 


Split it into six. Then they each get four -- they each get 
Six pieces. 


It's almost just the other way around. 


There's four boys and there's six pizzas so vou split that 
into -- fourths? 
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(Monitors fourths.) It works. 

So they each get -- let's see -- 

They each get half of a pizza. 

I know. 

They each get one and a fourth. A whole one and then a fourth. 


(Explains fourths by monitoring.) Split it into fourths then 
each one gets six. 


Each boy gets a whole pizza and a half. 

Is there another way? 

Six Tours. 

Six quarters. 

(Monitor the detail.) 

Nine divide by six is three. No! 

en three. 

Yeah, nine divided by six is one, remainder three. 
Nine divided by Six 1S One, remainder three. 
Do you already get division? 

Not in class but I learned it in grade 3. 
Wheew. 


(Monitorssactivity.)— (Grouping giris«) | ledidit.at «think. 
Okay, each girl gets four pieces of pizzas. 


Let's see. 


Because you give the girls each a pizza first and then the 
other three pizzas divide in halves. 


Two-thirds. Each person gets three thirds of a pizza. One 
whole. 


They get a pizza and a half. Instead of splitting these up 
in thirds, and then the remaining three you split in half. 
Give them a whole pizza. ‘Cause there's only three left and 
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there's six girls so you split them in half so there's six 
pieces. So each gets an extra piece. 


ok MYVNVYVOD OOS 
You have the same thing. sce. |v @ WIE O00 


You can split these in thirds and split the other three pizzas 
in halves and then add and they get four pieces of pizza each. 
That's a whole and a half. 


One and a half. 


Yeah, they can have three thirds and a half or one pizza and 
a half. It's the same thing. 


(Read and answer aloud each question in sequential order.) 


6/4 = six quarters = 1 1/2. It's all the same. 

eb /2 

Neither, get equal. 

Neither gets more. Yes. 

Did the boys first ‘cause the girls were harder. Then 
we did the girls. 
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Pizza Problem Six 


This iS easy. 

The girls -- thirds. 

Now the boys. Hmm. 

(Monitor the details.) 

Cut each pizza in seven. 

Give each boy three pieces. 

Three-sevenths, each boy gets three-sevenths. 

(Read and answer aloud each question in sequential order.) 

[horas 

Chea. 

3ive'kook the pieture! tuS/7eismorepreWell scairlittle. The 
boys get more. 


4. Easy. Thirds for the girls. Then cut in seven for the 
boys. 
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Pizza Problem Seven 


(Monitor the detail. ) 

Do the boys first. Give each boy one pizza. Cut the other 
two in thirds. Then give each boy two pieces. Each boy gets 
One pizza and two-thirds. 

"Now the girls." 


(Monitor the detail.) 


Give each girl one pizza. Cut the remainder in five, fifths. 
Give each girl three pieces. 


Each girl gets one pizza and three pieces. 
One pizza and three-fifths. 
(Read and answer each question aloud in sequential order. ) 
te Wand 2/3. s-Yeah.5/.3..t00!! 
2) ueand. 3/5. 
Beat, Serealseclose, 
T think two-thirds. 
look. Yeah, 1 2/3 is more. 
The boys get more 
4. The boys. 
5. Give each boy -- cut up the remainder in thirds. Give 
them each two-thirds. 


Give each girl one and cut up the remainder in five; fifths. 
Give them three-fifths more. 


Pizza Problem Eight 


(Monitor the detail.) 
Give each boy one and cut the other one in four. 


Yeah! 'Cause there's four bovs. 
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Now the girls. 


Give each girl one and cut the left over in five. Humph. 


They each get 1 1/5. 


They do? 
Yup. See. 
Right. 


(Read and answer each question in sequential order.) 


Vs 
ae 
$i 


One and one fourth. . 
One and one fifth. 
The boys. No. 

The boys. 


Give each boy one and cut the remainder in four. 
Give each girl one and cut the remainder in five. 
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APPENDIX G 
SAMPLE OF STUDENT SOLUTIONS 
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FREQUENCY OF LANGUAGE FUNCTIONS 
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LANGUAGE FUNCTIONS USED TO UNDERSTAND THE MATHEMATICAL PROBLEMS 
Table 1 
Frequency of Language Functions Used by Grade Two, Three and 


Four Children Attempting to Understand the 
Mathematical Problems 


Type of Function 


el ee ¢? 

Math Problem Grade I G I G I G 
] 2 ] 3 ] 6 0 3 
2 2 yf ] 8 0 2 
3 0 4 0 6 2 8 
4 0 5 0 0 ] 3 
5 0 * 0 * 0 * 
6 0 = 0 *% ] * 
] 3 0 A 0 4 ] ] 
Z 0 0 0 0 0 ] 
3 0 0 0 0) 0 4 
4 0 0 0 0 2 2 
rs) 0 Fs 0 z 2 * 
6 0 = 0 be ] * 
] 4 0 0 0 0 5 0 
2 0 0 0 0 0 0 
3 0 0 0 0 ] Z 
4 0 0 0 0 0 3 
5 % 0 % 0 * Z 
6 (s 0 bs 0 t a 
7 $ 0 * 0 - ] 
8 ii 0 * 0 * ] 

I - indicates the individual child 

G - indicates the group 

ch - reading aloud to the self 

C. - reading aloud to another 

C~ = examining the illustration 


* - problem not presented 
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LANGUAGE FUNCTIONS USED TO PLAN THE SOLUTIONS 
TO THE MATHEMATICAL PROBLEMS 


Table 2 
Frequency of Language Functions Used by Grade Two, Three and 


Four Children Attemptina to Plan the Solutions 
to the Mathematical Problems 


Type of Function 


ce o ¢ 

Math Problem Grade I G I G I G 
] Ya ] 4 0 0 0 ] 
2 ] 4 0 0 ] 1é 
6 OW 9 Z 2 34 
4 BF 20 5 7 ] 14 
p 6 s 2 i 0 * 
6 5 a 2 * ] * 
] 3 ] Z 0 0 0 3 
2 0 2 ] 3 0 4 
3 ut 5 4 2 2 8 
4 5 5 4 3 ] 5 
5 4 * ] * 3 * 
6 3 ce 2 i 5 * 
] 4 0 0 0 0 0 0 
2 0 0 5 0 0 2 
3 0 S 3 0 0 0 
4 0 9 2 4 0 9 
5 S 8 ~ 8 ie 6 
6 3 3 ss ] * 3 
7 e 5 Rey) “3 3 
8 i i x 0 * ° 

I - indicates the individual child 

G - indicates the group 

= - indicates use of language to report 

Ce - indicates use of language to predict 

C~ - indicates use of language to direct 


* - problem not presented 
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LANGUAGE FUNCTIONS USED TO SOLVE THE MATHEMATICAL PROBLEMS 


Table 3 
Frequency of Language Functions Used by Grade Two, Three and 


Four Children While Solving the 
Mathematical Problems 


Type of Function 


ce! c © 

Math Problem Grade I G If G Nt 
] 2 Z 3 4 4 0 
2 OF Pls 0 43 QO, 40 
3 0 0 0 ] ) 
4 ] 6 ] 5 ] 
9 ] * ] * 0 
6 ] * 2 * ] 
] 3 0 0 0 ] 0 
2 ] 0 7 ] ] 
3 0 S Z 3 0 
4 : ] ] 2 0 
o ] * 2 * 0 
6 2 = 5 2 
] 4 0 0 2 0 0 
2 2 3 ] ] ] 
5 0. 30 ] 5 0 
4 ] 3 0 1 0 
5 * 8 * ie * 
6 * 0 * 3! * 
7 * 0 * 3 * 
8 * 0 * ] * 

I - indicates the individual child 
G - indicates the group 

a - use oflanguage to direct 

Cg - use of language to report 

C’ - use of language to clarify 


- problem not presented 


or 


+ EO. OC. 


QV) &) Serene 


e) gh Aa) OT 0 | 
( ; 49 6° 6 a 
? f ao 7 
D rt [ Sa oa 

i ad S, * ue 

0 f 0 a) 

I i y : 

7 F .. e 

"i S$ of [ 

f Pa > ” 

4 & t + 


= 


sara 28 


— €> 
anny omy 


. ; 
fj f 
0 ri) 


e+ Fs 9 =] OO wae oOo - 


* 
Ssccuanoms 


* =o = # 


| 


> ts ‘tava ana a jana . 


(neal 


Math 


LANGUAGE FUNCTIONS USED TO REVIEW THE SOLUTIONS 
TO THE MATHEMATICAL PROBLEMS 
Table 4 
Frequency of Language Functions Used by Grade Two, Three and 


Four Children to Review the Solutions to the 
Mathematical Problems 


Type of Function 


c 10 
Problem Grade I G 
] 2 5 18 
2 16 32 
3 16 19 
4 8 28 
5 10 * 
6 i * 
] B 5 14 
Z 4 9 
S 18 23 
4 fe) 14 
3 ie) * 
6 6 * 
] 4 Te 10 
2 3] 15 
3 5 6 
4 17 , 
5 i if 
6 zs 7 
7 * 14 
8 * 9 


- indicates the individual child 
indicates the group 


clarifying ideas by questioning, reflecting and evaluating 


- problem not presented 
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